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Introduction

m We are interested in simulation of the point process has long mermory
and in stationary regime.

m We present a new Kalikow decomposition to make Perfect simulation:
an algorithm that allows to simulate in finite time what happens on a
node in the potentially infinite network in stationary regime.

m New Kalikow decomposition — modified Perfect algorithm
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Notations

Definitions and Notations

A counting process Z',i € I, can be described by its sequence of jump
times in R, (T,)nez [Bre8l].

Canonical path space of a counting process

Xoo = {({ti}nez)ict such thatVn t) <t ., th <0<t}

where {t!},c7z denotes a possible realization of (T}/),ez.

m BREMAUD, P. (1981). Point Processes and Queues: Martingale
Dynamics, Springer-Verlag.
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Notations

Definitions and Notations

Denote X; the canonical path space of Z = (Z;); before time t:

Xy = XN (—o0,t).

A past configuration x; is an element of X; which is a realization of arrival
times of Z before t.
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Backward-Forward Algorithm

Notations Kalikow decomposition Perfect simulation

In addition, the evolution of the point process Z' with respect to (F;)ter
is fully characterized by its stochastic intensity which depends on the past
configuration, see Proposition 7.2.IV [Daley, Vere-Jones|

Stochastics intensity

P (Zi has jump in[t, t + dt) | past before timet = x;) = ¢; +(x;)dt.

m DALEY, D.J, VERE-JONES, D. (2003). An introduction to the
theory of Point Processes, 2nd edn. Volume 1, Springer-Verlag, New
York.

It is however the stochastic intensity is complex in most of the time. In
practice, computing the stochastic intensity is highly computational task.
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Notations

Random neighborhood

={ R
' ! } index

i

L
1 i
1 T

L t+dt time

® k

June 2021 6/ 39

Phi, RB, Locherbach (LJAD, Paris 1) Kalikow decomposition and Perfect simulatior



index

L t+dt

time

Phi, RB, Locherbach (LJAD, Paris 1)

Kalikow decomposition and Perfect simulatior

June 2021 6/ 39



index

L t+dt

time

Phi, RB, Locherbach (LJAD, Paris 1)

Kalikow decomposition and Perfect simulatior

June 2021 6/ 39



Notations

index

T
L t+dt

time

Phi, RB, Locherbach (LJAD, Paris 1)

Kalikow decomposition and Perfect simulatior

June 2021 6/ 39



Notations

index

i t+dt

time

Phi, RB, Locherbach (LJAD, Paris 1)

Kalikow decomposition and

fect simulatior

June 2021



V ={0;—

index

L t+dt

time

Phi, RB, Locherbach (LJAD, Paris 1)

Kalikow decomposition and Perfect simulatior

June 2021 6/ 39



Notations

Kalikow decomposition

For any x; € Xy N )

@it (1) = )\i,t(@)@?,t + Z it (V)@ ()

veEV v 7D

neighborhood family

m CoMETS, F., FERNANDEZ, R., FERRARI, P. A. (2002).
Processes with long memory: Regenerative construction and perfect
simulation. Ann. of Appl. Probab.

m FERRARI, P. A., Maass, A., MARTINEZ, S., NEY, P. (2000).
Cesaro mean distribution of group automata starting from measures
with summable decay. Ergodic Theory Dyn. Syst..
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Notations

prob. to pick a neigh.
(sumuptol)

/

Git(wt) = /\z’,t(w)é?,t + Z )\i,t(?)t)@f}(-’ﬂt)

v EVy, v #D

neighborhood family
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Notations

prob. to pick a neigh. depends on
(sum up to 1) the points inside v_t

/

Git(x4) = )\i,t(@)fjﬁgt + Z Nt (00) Y ()

v+ EV i, v 70D

neighborhood family
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Kalikow decomposition

Method to write a Kalikow decomposition

There exists a non-negative sequence of functions (Al (x))x which are
cylindrical on v; such that

> Akx) = ¢i(x)
k=0

as n — oo, for every x € X N Y.
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Kalikow decomposition

The Kalikow decomposition of ¢;(x) with neighborhood family V and the
subspace ):

(Xi(0) = _776

1

for any choice of non negative weights (7, )« such that

> omi=1.

k>0
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Kalikow decomposition

Attention

To perform Perfect simulation, (7} )x can not be chosen arbitrarily. —
Stopping condition + Mean number of simulated points.

Define a neighborhood family + the sequence of cylindrical function
A} (x) + a good subspace ) + good weights (7, ).

Phi, RB, Locherbach (LJAD, Paris 1)  Kalikow decomposition and Perfect simulatior June 2021 10 / 39



Kalikow decomposition

Example: Linear Hawkes processes

—ne+te

hj,-(—s)dxj.

S

di(x) = pi + Z /Ooo hji(=s)dx] = pi + Z Z /

jer 7/~ jel neN= "~

m HAWKES, A. G. (1971). Point spectra of some mutually exciting
point processes. Journal of the Royal Statistical Society: Series B
(Methodological).

m HAWKES, A. G. (1971). Spectra of some self-exciting and mutually
exciting point processes. Biometrika.

Phi, RB, Locherbach (LJAD, Paris 1) Kalikow decomposition and Perfect simulatior June 2021 11 /39



Notations Kalikow decomposition

we consider the neighborhood family V%™ as follows: for /,n > 1

V(i/,n) = {Jji} X [=ne, —ne + ¢).

V={ = i ) index

i
[ ]
1 i
1 T
t t+ dt time
® k
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Kalikow decomposition

We define, for all /,n > 1:

. —ne+e€ .
i) = [ hi(-s)ad =

—hne

and Aéo,o) = Aéo,o)(x) = 5

Applying the Monotone Convergence theorem, we obtain

(L,N)

AEo,O)Jr Z Aél,n)(X)_)(bi(X)a
(I,m=(1,1)

when (L, N) — (00, 00).
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Kalikow decomposition

Vatom
Ai(0) = 71(0,0)
0 _ M
' 7(0,0)
)\i <V(’/7’7)) - TI(I’”)
i —ne+te ;
5 () = S hii(=9)de
I M(1,n)
for any choice of non negative weights (né/’n)>(l7n)e]N*><]N* such that

Mooy + D My = L.
I,n>1
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Kalikow decomposition

Example: Age dependent Hawkes processes with hard

refractory period

0 .
hj,‘(—S)dXé ]la{](x)>5 (1)

i) =i [ S /

jer -

With the convention that ai(x) = t — Li(x), where L} is the last jump
before t of process Z'.

By the definition, this implies that there does not exist any two jumps
those distance is smaller than §.

m Raap, M.B, DITLEVSEN, S., LOCHERBACH, E. , (2020). Stability
and mean-field limits of age dependent Hawkes processes.Ann. Inst.
H. Poincar Probab. Statist..

m CHEVALLIER, J. (2017). Mean-field limit of generalized Hawkes
processes. Stoch. Proc. Appl. .
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Kalikow decomposition

We build a neighborhood family V"5t by introducing a non decreasing
sequence (Vi(k))k>o of finite subsets of I such that

Vi(0) = 0, Vi(1) = {i}, Vi(k = 1) C Vj(k) and Uy Vi(k) =V._;U{i}.
(2)
with
V_i:={j €l such that i is locally dependent onj}
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Kalikow decomposition

We set v = V;(k) x [—kd,0), then we obtain by construction an

increasing, nested neighborhood sequence (v} )ken-

Vet —— o}

index

L t+dt

time
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Kalikow decomposition

0
2 =ui | 3 [ b1 | Lyepes
JeVi(k) ks

0

il D / hi(=s)ax | 150955 (3)

JEVI(k=1)_ks+6
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Kalikow decomposition

Vnested and y —_ X>6
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Kalikow decomposition

Remark

v

Consider D¥(x) = {z € X>% : z = x}.

. O .
A(x)= inf i[> / hii(=$)dz] | 15 055

zeDK(x) -

0

hji(=s)dzL | 10055

-t

zeDl.k*l(x) jel

The above prescription corresponds to the classical method of obtaining a
Kalikow decomposition in discrete time.

m HODARA, P. AND LOCHERBACH, E., (2017). Hawkes Processes
with variable length memory and an infinite number of components,
Adv. Appl. Prob..

m GALVES, A., LOCHERBACH, E. (2013). Infinite systems of
interacting chains with memory of variable length—a stochastic model
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Kalikow decomposition

Other method for nonlinear Hawkes process

Consider 1); is an analytical function.

—ne

oi(x) = Z Z / hji(—s)dx!

jel neN Y —(n+1)e
Z Z ajn(X) = 1; <Z aa(X)) .
j€l neN «a

where
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Kalikow decomposition

In this section, to develop our series using Taylor expansion, we choose
O .
VK ={ x| sup 2/ hji(=s)dx! | < K
i - J—oo
J

We construct the neighborhood family V72" by defining for
ark = (a1,..., k),
i

i .k
val:k — V(Oél,...,ak) T U/:l WOC[? (4)

where wy, := {j} x [~(n + 1)¢, ne) if a; = (j, n), and v := 0.
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Kalikow decomposition

We construct the neighborhood family V72" by defining for
a1:k = (ala O ;ak),

i i ok
Varx = V(Oél,...,ock) T UI:l Way s

where wy, := {j} x [~(n + 1)¢, ne) if a; = (j, n), and v} := 0.

V= =5k p ool

index
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Notations Kalikow decomposition Perfect simulation Backward-Forward Alg

VTaylor and yK

(\i(0) =1- Zk21 Zal,...,ak 77&1 °c '77!31;(
d’Q _ wi(o)
! . )\.,'(Q)) .
)\i(v(’)q:k) = 77&1 e 77<’xk
(0 a0, () 2w, (x)

Vi
(b'o‘l:k X = I _ . _
C ) kb g, Mo

)

with

aa(x) = /_n6 hii(—s)dx..

Phi, RB, Locherbach (LJAD, Paris 1) Kalikow decomposition and Perfect simulatior June 2021



Kalikow decomposition

Example: Exponential Hawkes processes

Consider 1;() = exp(.)
VTay/or and Y

(N(0)  =1- % ...,
1 k>1aq,...,0k
¢i(0) - Ai(0)

)\i(voiqzk) = 77:11 M 77&( ) ( )
Ve, 1 ag(x aa, (x
O () = x T 2o,

\ . 770{1 770[;(
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Perfect simulation

Perfect simulation

For this algorithm to work, we introduce a subspace Y as follows:
Y={xeX suchthat Vv,i: ¢f(x)<T;},

where ['; is a positive constant. We assume that the process generated by
the algorithm stays in ) almost surely.

For example, in the case of age dependent Hawkes processes, we can show
that A} (x) are bounded. Thus, with an adequate choice of weights
(Xi(.))ier and ([)ier, the algorithm remains in ) almost surely.
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Perfect simulation

6i0) = N(0)e) + Y N(v)ef(x) < T,

PAveVi

which means that the intensity is bounded.
Furthermore, for any t and x; € ),

bie(xe) = i) < T
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Perfect simulation

Kalikow theoretical algorithm

> To simulate the behavior of index i in [to, t1].
Step 1:

+FExp(T;)

SN

A

index
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Step 2: pick V1 a random neighborhood according to A;(.) in Kalikow
decomposition shifted at time T.

index
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Step 3:

index
°
T Y
\"‘)\\.al.if'lJ
151 U l‘."l
// |
i
4.—@—.*4)
to T \ h time

\
Y
Y
Y
\

accept with prob. @?T.— (x7)/T;
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Perfect simulation

Do we construct the right intensity?

Proposition(P., Muzy, Reynaud - Bouret)

If we suppose that the obtainned process stays in ():)ter almost surely
then it admits ¢; +(x¢) as predictable intensity.

Mathematical version can be found in our paper.

m PHi, T.C, Muzy, A., REYNAUD-BOURET, P. (2020).
Event-scheduling algorithms for simulating potentially infinite
neuronal networks, SN Comput. Sci..

m PHi, T.C (2021+). Kalikow decomposition for counting processes
with stochastic intensity, submitted.
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Perfect simulation

index

ulen)

time

~

accept with prob. o: ()T

Infeasible in practice:
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Perfect simulation

index

“ T " time

accept with prob. o: ()T

Infeasible in practice: since ¢; -,'—T(XT) depends on the points in V; 7, that
are not known at this stage.
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Perfect simulation

index

~ " time

accept with prob. o: ()T

Infeasible in practice: since ¢; ’7‘-T(XT) depends on the points in V; 7, that

are not known at this stage.
— go backward in time before moving forward.
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Backward-Forward Algorithm

A index
+Ezll') .
o ;
./ \. .
fo T h time
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Backward-Forward Alg: m

\

neurons

[ ]

1 time
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Backward-Forward Alg: m
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Backward-Forward Algorithm

neurons
[ ]
b a
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C
| 1
e T
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time
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Backward-Forward Algorithm

JAD, Paris 1)

neurons
[ ]
b a
L ] L %
C

| 1

I T
]

time

Kalikow decomposition and Perfect simulatior




Backward-Forward Alg:

neurons

[ ]

b a
C
"""""""""""""""""" b
]

i

time
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Backward-Forward Alg:

neurons
[ ]
b a
L ® ®
d c
"""""""""""""""""" b
]
i
time
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[ ]

Backward-Forward Alg:

neurons

k
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Backward-Forward Algorithm

Note that \;(()) does not appear in the above Kalikow decomposition.
Amazingly, this does not cause any problems for the Perfect Simulation
algorithm. This is one of the main differences with [P.Hodara, E.

Locherbach].
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Backward-Forward Algorithm

Forward steps

neurons

[ X=3
[ ™
&

'

[ P

time
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Backward-Forward Alg: m

neurons

[ 2=3
[ ™
=

time
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[0
[ ™

Backward-Forward Alg:

neurons

time
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Backward-Forward Alg:

neurons

time
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Backward-Forward Alg:

A
neurons
/\ |
b a
S L ® K
/

time
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Notations Kalik position Perfect simulation Backward-Forward Algorithm

Why does the Backward steps end?

Proposition(P., Muzy, Reynaud - Bouret)

s_u;l)z P(vi)Xi(vi) < 1 (6)
e k>1

then the backward part of Backward Forward Algorithm ends almost surely
in finite time.

> k1 P(vi)Ai(v}) is the mean number of children issued from one point
of type i.
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Backward-Forward Algorithm

Example: Age dependent Hawkes processes with hard

refractory period

We will consider that | = Z, and for all i, we set
@ hji(t) = Bjiexp (—at) where §j;,  are positive constants for all j,i. In

1
addition, we take o = — and §j; = ﬁ for j £ i with a positive
J — 1

1)
numberfyand Bii = 1.
Q@ Vi(0)=0,Vi(1)={i},..., Vi(k) = {i—k+1,...,0,i+1, ... i+k—1}
Vk22.

1
(3] nk =1k = Cyps ,Vk > 1, where p is a positive constant and ¢, is a

normalization constant.
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Backward-Forward Algorithm

We are looking for values of p such that:
(a) (nk)k defines a probability,

(b)

(c) the Kalikow decomposition exists ,
(d)

the algorithm stays in ),

the branching process goes extinct in finite time almost surely.

(a):an:1:>p>1
K

(b): T<oco=p<y

(C)ZZ/hj,‘<OO:>’)/>1

(d): (<1l=p-2>1

Finally, we conclude that 3 < p < .
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Backward-Forward Algorithm
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