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A sample model of Stochastic Resonance

Perturbations:

> A deterministic periodic
driving force

> An additive noise

Figure: A double-well potential.
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Stochastic PDE

do(t,x) = L[Ag(t,x) + f(t,¢(t,x))]d t + Z=d W(t,x)

)

> p(t,x)eR, t20, xe T=R/LZ,L>0
> 0<e,0«1
> f:[0, T]x T — R such that f(t,¢) = -04U(t, ¢)
> dW(t,x) = &(t, x)dt where
¢ & space-time white noise: centered, Gaussian,

E[§(t,x)E(s,y)] =d(t=5)d(x - y)
o ¢ distribution, (€,¢) ~ N(0, [@]F2), E[{(&, 01)(€, 02)] = (01, ¢2)
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Stochastic Allen-Cahn PDE

do(t,x) = %[A(f)(t,x) +o(t,x) —o(t,x)3 + Acos(t)] dt + % dW(t,x)

Figure: The potential U(t,$) = 3¢* - ¢ = Acos(t)¢, from which the drift term
is derived (t =0.5). For A < A., the potential is asymmetric (left). For A=A,
the left-hand well and the saddle meet(middle). For A < A, the left-hand well

approaches the saddle (right).
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Stochastic Resonance

Stationary solutions:
> If A=0, ¢(t,x) - d(t,x)> =0 has exactly three solutions: +1 and 0
> IfA+x0and A<A. = % o(t,x) - p(t,x)3+ Acos(t) = 0 has exactly
three solutions: ¢*(t) < ¢g(t) < ¢ (t)

Added noise: Mechanism of Stochastic Resonance

Figure: Sample paths of the SDE d¢, = %[(ﬁt -3+ Acos(t)] dt + % dW; for
£ =0.005, and o = 0.02 (left picture) and o = 0.14 (right picture).
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Stable case: Deterministic dynamics
> Define the fractional Sobolev norm of ¢ by |¢[2: = ¥ ez (k)* 92
> Assume that
3" 1 > R; f(t,¢"(t)) =0 and 0uf (t,¢"(t)) <0 Vtel=[0,T]

Proposition 1:

3 C,e0>0; for 0 <e<eg,

46(t,%) = T[AG(t ) + F(2,6(2,2))] de
admits a solution ¢(t,x) satisfying

[6(t,x) ¢ (t)eo|m < Ce Vte[0,T],

L
T
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where ey(x) =




Stable case: Stochastic dynamics

Define for any h >0,
> B(h) = {(t, @)t el |6 - (¢, )|us < b
> the first-exit time from B(h): 754 = inf{t>0:¢—d(t,)|n:>h}

Figure: Concentration of sample paths near a stable equilibrium branch ¢*(t).
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Stable case: Stochastic dynamics

Theorem 1:

For any s € (0, %) and v >0, 3 &g, ho, &, C(t,&,s) > 0; whenever 0 < £ < &g
and 0 < h< hge” one has

_ h
P{Tg(h) < t} < C(t,e,s) exp{—/@rﬂ[l - 0(;)]} .
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Stable case: Stochastic dynamics

Theorem 1:

For any s € (0, %) and v >0, 3 &g, ho, &, C(t,&,s) > 0; whenever 0 < £ < &g
and 0 < h< hge” one has

_ W h
]P’{TB(h) < t} < C(t,e,s) exp{—&rﬂ[l - O(g—y)]} .

> Equation for the deviation 1(t,x) = ¢(t,x) — ¢(t,x):
dp(t,x) = E[Aw(t,x)+§(t)zp(t,x)+b(t,z/;(t,x))]dt+i€dW(t,x).

NG
> A solution
t _
w(tf):%/() ed(t9)/ [(t-9)/EA g/ (5. )
t
# 2 [T I ps (s, )) ds = gO() + 0 (E,)
9
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Stable case: Stochastic dynamics
> P{sup,e/|4°(t, )| s > ho} < C(t,e,5) e Rh3/20°
o P{supealti(t)] > h} < Cult,e) exp{-r(k) 12}, Ci(t,e) = 228 T
o hg =Tk i
P {supe 198 e > o) < S P s (0F > 106) 7

o Choosing h? = C(n,s)h*(k)™2*25*" 0 <n<2p
o Treafk)?e M <o
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Stable case: Stochastic dynamics
> P{sup,e/|4°(t, )| s > ho} < C(t,e,5) e Rh3/20°
o P{supealti(t)] > h} < Cult,e) exp{-r(k) 12}, Ci(t,e) = 228 T
o hg =Ty I,
P {supe 198 e > o) < S P s (0F > 106) 7

o Choosing h? = C(n,s)h*(k)™2*25*" 0 <n<2p
o Treafk)?e M <o

> P{Supo<t<TMB(h) [ () [ s > h,supgeeet [40(E,-) [ s < ho} = 0
¢ Assume v(t,-) € H* for all 0 <s < 3 then 3(t) e H forall r < 1
o IM'(q,r) <oo; Yg<r+2, ¥(t,-) e HI and

[ (8, ) e < M'(q, )= Sup 15(s)]

<s<

Hr.

o Choosing hy = M'(q,r)e= " MH?.
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Unstable case

In a neighbourhood of (0,0),

do(t, x) - E[A(b(t,x) v g(8) ~ 0(£.)7 - bt 6(t.x))] dt + % dW (2, x)
(1)

flo(t,x) = go(t)eo(x) + du(t, x)
Coupled SDE-SPDE system:

doo = 2| g(t) — 0§ — b(t, ¢o(t)eo) + bO(t7¢0(t)7¢l(t)):| dt+ 2= dWo

do, =1 A¢l+a<t,¢o>¢l+bl<t,¢o<t>,m<t)>]dt+%dWl

> g(t)=d+t>+0(t3),520 and b(t, ) = O(¢>)
> ¢%(t) such that £(t,¢%(t)) =0, Opf(t, %(t)) = F(V5 +t])
> a(t,do) = O(=2¢0(t)) <0 and by = by = O([ ¢, [3,1)-
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Deterministic dynamics near the origin

Proposition 2:

Equation given by (1) with o = 0 admits I
¢.(t,x) =0 and ¢g obeys oM

ego(t) = g(t) — do(t)* - b(t, po(t)eo).

[N._B. & Barbara Gentz 2002]:
3 ¢o(t) tracking ¢ (t):

370, 0 > 0; dolt) - 6(1)
% for —To <t < —comax{\/4,\/e}

Figure: Equilibrium branches and
associated adiabatic solutions near
(0,0).

—% for co max{\/4,v/z} <t < To.
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Transverse stochastic dynamics for ¢,

Given given h, > 0, we define the set

Bi(h) = {(t.0):t e [~To, Tol, [ . s < b}

Behaviour of ¢, (t,x):

Theorem 2:

For any s € (0, %) and v >0, Jeg, ho, R, C(t,e,s) >0; whenever 0 < e<eg

and 0 < h, < hg, ¥ one has

h? h
P th< C(t —r—Ll1-0| =]}
{TBl(hL)< } (,e,s)exp{ /<a202[ ( )]}

EV
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Stochastic dynamics near ¢o(t)

> C(t) = |§(t,1q§0)| and é\(t) = SUP_Ty<s<t g(S) Vte [_ T07 TO]

> Bo(h) = {(t, 60): t € [T, To. |0 = do(1)| < h/C(1) }

Theorem 3:

3 €9, ho, &, C(t,e) > 0; V\ihenever
0<e<egand 0<h< hol(t)3/2, one
has

P{78y(h) < t: 7B, (hy) > t}

h2
< C(t,e) exp{—n—},

202

where x = 1 - O(hl(1)%/?).
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Noise regime

> Weak-noise regime: if o <« max{e,5}3/% Theorem 3 can be applied
for any t € [~ Tp, To], and shows that ¢o(t) remains close to ¢g(t)
with high probability during the whole time interval.
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Noise regime

> if 0 < max{e,8}3/*, Theorem 3 can be applied
for any t € [~ Ty, To], and shows that ¢o(t) remains close to ¢o(t)
with high probability during the whole time interval.

> if o> max{e,§}3/*, Theorem 3 can only be
applied up to times t of order —5%/3, showing that ¢o(t) is unlikely to
become negative up to times of that order.
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Stong-noise regime

Theorem 4:

Assume o > max{e, 8 }3/*, fix d > 0.
Let h>0;

do(t) + M/C(t)<d Vte[-02 0%
dk>0and 021
P{¢o(s) >-dVse [—02/3, t],TBL(hL) > t}

3 4/3
<z exp{—na—} + C(t,e) e_hz/az,
2 o€

Vit e [-02/3,0%3].
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Thanks for listening!
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