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dynamics of an object under a frictional force
1
v, = —=VU(v), U potential
Newton’s second law: ¢ 2 (ve) P
xp =

o VU(0)=0
o 3b: R — RT, %VU(?)) = sgn(v)b(v)

Frictional forces

o classical: b(v) =k|v|, k>0
o fluid dynamics (Rayleigh) : b(v) = kv?, k > 0
e aerodynamics : b(v) =k [v]*, k > 0
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[¢] lele]e}

Add a Brownian perturbation force:

dVy = —Vi dt + dB;
dX; =Vidt

Persistent Turning Walker Model

(04, ki): velocity angle and
curvature

dkt = —kedt + V20 dB;
d«gt = Kt dt

Kuhlia Mugil
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[e]e] Tele]

t1]
Vi = Vo + Ly —/0 50U (s, V2) ds,
t
X, = X+ /0 V.ds,
X;: position at time t of a particle, with speed V4.

(Vi)¢>0 can be seen as a random process in a potential
U(t,v))i=0,0eR-

Existence of solution 7 Explosion 7 Behaviour of
(TeXt/e)tZOa ase—>07
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Non linearity of the frictional force:

(Fournier-Tardif, 2021)

p [te
Vi=Vo+ B+ 2 [ 2 (V)ds, p=0
. 2Jo ©

Xt:Xo—ir/OVsds

for some even © : R — (0,00) C? satisfying limy,|_,o [0|O(v) = 1.

f.d.d.- li_rf(l)(rGXt/e)t207 with Te €—_>0> 0
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Non linearity of the frictional force:

Time non-homogeneity of the frictional force:

(Gradinaru-Offret, 2013)

For p,B € R, v > —1, —
y,:——

. v -S—
(0
=

L—lim rV;, with r; — 0
t—oo t—o00
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Non linearity of the frictional force:
Time non-homogeneity of the frictional force:

Discontinuity of the random force --+ jumps

(Eon-Gradinaru 2015)

t
Vi =L~ [ sen(VO) Vel ds, v+ § > 2,

0
t
X;:X0+/O Ve ds.

L — limr. X5

e—0 e
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F(V,
AV, = dL; — iﬁt)dt, Vi, = >0

dX; = Vi dt, Xy, = x0 €R.

(SKE)

(L¢)t>0 is a Lévy process, f € R.
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F(V,
AV, = dL; — iﬁt)dt, Vi, = >0

dX; = Vi dt, Xy, = x0 €R.

(L¢)t>0 is a Lévy process, f € R.
F is supposed to satisfy

for some v € R, Yo € R, A >0, F(\v) = A F(v).

When v > 1, assume for all v € R, vF'(v) > 0.

(SKE)

(H7)
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F(V,
AV, = dL; — I(SBt)dt’ Vi, = >0

dX, = Vi dt, X,, = 20 € R.

(SKE)
(L¢)t>0 is a Lévy process, f € R.
F is supposed to satisfy

for some v € R, Yo € R, A >0, F(\v) = A F(v). (HY)

When « > 1, assume for all v € R, vF'(v) > 0.

t
vt Z tOv ‘/t =V — Lto + Lt - / psgn(‘/;) IB dS'

to
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Path of the velocity process on [1, 100000] with drift F(v) = sgn(v)|v|¥, (yv.B)=(1, 2)
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Brownian perturbation
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Path of the position process on [1, 100000] with drift F(v) = sgn(v)|v|Y, (v.B)=(1, 2)
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t
Te, X
rex Xy =rexao+ [ XV, ds
€~~~

=Te,V
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t
Te, X
’I“E,X)(t/E = Te,XT0 —I—/ . Vs/e ds.
€~~~
=Te,V

ot V
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[e]e] le]elele)

t
Te, X
’I“E,X)(t/E = Te,XT0 —I—/ . Vs/e ds.
€~~~
=Te,V

ot V
l—y _B-1 Y u/e \ B 3.
revVije = Te,v(vo—B1)+7‘(.\,~'Bt/(—r(_‘. € / 1(7\vF< / > w7 du.
Je

Te,v

W—)r@v:ﬁandn’x:e%? J




Brownian perturbation
[e]e] lelelele]

t
Te, X
re,XXt/e = Te,xTo + / . VS/E ds.
€~~~
=Te,V

. 11—y -1 ! ,7 Vae\ _5 .
revVise = rey(vo—Bl)—H(‘\,th/(—r(,_‘» € rlyF P u” " du.
Je ' e,V

W—)reyzﬁandrﬁxze?’/?? J
Call g := b
y+1

v

@)
ML



Brownian perturbation
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Assume ¢ > —. The inequality

N —

Vt > to, E[|Vi|"] < C o piot?

yields for
o k €[0,1] when vy < 1,
o k>0, when for all v € R, vF(v) > 0.
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Consider v > 0. Let (B;)t>0 be a standard Brownian motion. In
the space of continuous functions C((0,c0),R) endowed by the
uniform topology:

F(z) = psgn(z) ||

As e — 0,
(VeXy/e)t>0 s (oFBi)i>o0-
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Consider v > 0. Let (B;)t>0 be a standard Brownian motion. In
the space of continuous functions C((0,c0),R) endowed by the
uniform topology:

F(x) = psgn(x) |z|”

As e — 0,
(VeXy/e)t>0 s (oFBi)i>o0-

As e — 0,

t
(\/Ev;f/evé?)/zxt/s)tZeto = (Bty/ Bs ds)t>0-
0



v

1 1
v+ 0 3

Let H be the ergodic process ,starting at its invariant measure,
solution to

dH, = dW, — H7 ds — F(Hy) ds,

(W4)¢>0 being a standard Brownian motion. Call vgy, ... 4, its
f.d.d.
Ase — 0,

t
(\/Ev;f/evﬁg/QXt/E)tZeto == (Vt,/ Vs ds)t>0-
0

The f.d.d. of the process (V)0 are given by
T * Vpog(t1 /to), log(ta/to)

T:u:= (ul,--- ,ud)b—>(\/ﬂu1,--- ,\/ﬁud).
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Q
Il
N|— @
v

F(v) = psgn(v) [u]"

Call vp(dz) = Le —5falel™ g
Then, as € — 0, for all t > to,
Eqv;f/e
4

— VF.



Random force with jumps: stable process
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Path of the velocity process on [1, 100000] with drift
Fv) = sgn{v)|v[V/th(a,y.B)=(1.3, 1, 3)
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Random with jump

0@0000

Path of the position process on [1, 100000] with drift

F(v) = sgn(v)|v|'/t?, (a,v.8)=(1.3, 1, 3)
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Fix a € (0, 2).

A (symmetric) a- stable process (Li)e>o is an (Fi)-adapted
process s.t

o Lp=0 a.s.
o t— Ly is a.s. cadlag

o for 0 < s <t, the increment Ly — L is independent of Fy
and Ly — Ly ~ Li_s ~ S(a, (t — 5)/,0,0).



ian perturbation Random force with jumps: stable process

[e]e] lelele}

Fix a € (0, 2).

A (symmetric) a- stable process (Li)e>o is an (Fi)-adapted
process s.t

o Lp=0 a.s.
o t+— L; 15 a.s. cadlag

o for 0 < s <t, the increment Ly — L is independent of Fy
and Ly — Ly ~ Li_s ~ S(a, (t — 5)/,0,0).

) is again an a-stable process.
«
>0
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[e]e]e] lole}

Assume 5> 1+ 7771 The inequality
Vt > to, E[|VA"] < C o, p10tP ")

yields with p, (7, k) defined by

a € (0,1) I a€(1,2)
k€ 0,a) k€[0,1] | ke (1,a)
€1[0,1) Ko 3k/2a
720 /o 7'yzl K kjo+ K/2
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Consider v € [0, ar). Let (St)¢>0 be an a-stable process.

Consider and 8 > 0. Define p, () by

(0,1) | € (1,2)
if y€10,1)
ify=1
(1+3) ifye(,a).

Suppose also that for all v € R, vF(v) > 0 , when
o a€(0,1)
o ora € (1,2) and v > 1.
Then, as € — 0, in D((0,00),R) (Skorokhod topology),

t
(el/o‘Vt/e,61+1/“Xt/e)tzeto = (Sh/ S5 ds)i>o, (2)
0
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Let H be the ergodic process ,starting at its invariant measure,
solution to

dﬁgzdRs—€%ds—FKﬁQd&

(R¢)t>0 being an a-stable process. Call vgy, ... 4, its f.d.d.

As e — 0,

d

t
f.d.d
(el/a‘/t/ev61+1/0Xt/6)t26t0 — (Vta/ VS ds)t>0'
0

The f.d.d. of the process (V;):>0 are given by
T VElog(tr /to),+ Jog(ta/t0)

/e 1/a
T:u:=(ug, - ,uq) — (tl/ U, - ,td/ Ug)-
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Fix ¢ € (0,1] and ¢ > e. Call (V)20 := (€7°V}/0)i0.

If sup.<;<r V;(G) — Lge) il 0, as € — 0 is proved.
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Fix ¢ € (0,1] and ¢ > e. Call (V)20 := (€7°V}/0)i0.
If sup.<;<r V;(G) — Lge) il 0, as € — 0 is proved.

One can write

t
Xt(e) = eH'l/“Xt/6 = 61+1/a£17(] + / 61/“‘/;/6 ds.

€

So
V9, x89) = g (v,

t
where g. : v € D — (vt, fe Vs ds) converges as € — 0, to
t>0

) t
g:v— (vt,fo Vs ds)t>0 )

Idea of proof

[ Jele]e]



Idea of proof

[e] le]e]

© _ p©

P
Prove that sup.<;<7 |V; — 0, ase—0.

1
€ el

t (e)
V;t(e) = 61/(¥(00—L1)+L1(56)—65_1+(1W/“/ ¢l F (Vu ) u P du.



=)
— 0, as e — 0.

Prove that sup.<;<r ‘/;(6) — Lge)

1 ) 1 t V(e)
V= o) s [l (S
€ e’
For all T > 0,

sup ’Vt(e) — Lge)
e<t<T

< e/ vy — Ly| + #7107 gqup
e<t<T

t (€)
/ e F (Vf/ > u? du
€ €/




(e) E>0, as € — 0.

Prove that sup.<;<r V;(E) — L

) ) t V(E)
V;(e) =¢ /a(vo—Ll)—O—LEe) — P _7)/“/ R ?/ u™? du.
€ € ¢
For all T > 0,

sup "/f(f) _ Lge)
e<t<T

.
w P du.

T
< e |'UO _ L1| + 65—1+(17w)/a/ K 'V;EE)



(e) _ L]Ee)

=)
— 0, as e — 0.

Prove that sup.<;<7 |V;

t (e)
VO = eun— L)+ 10— S0 [ olep (Vu )u—ﬁ du.

1
€ G/a

For all T' > 0,

E [ sup ‘Vt(e) - LEE)

e<t<T

|

T
< T [Jug — L] + PO E V K|V

! u P du] .



P
— 0, ase—0.

Prove that sup.<;<r V;(E) — Lﬁe)

€ €/

) ) t V(E)
Vt(e) = /a(vo—Ll)—O—Lie) — P _7)/0/ /R ?/ w " du.
For all T > 0,

E [ sup |V, — L7

e<t<T

|

T
< /B [Jug — Ly[] + P71 (0Fe / KE (V| u™" du



P
— 0, ase—0.

Prove that sup.<;<r V;(E) — Lﬁe)

) ) t V(E)
Vt(e) = /a(vo—Ll)—O—Lie) — P _7)/0/ /R ?/ w " du.
€ «@

€

For all T > 0,

V;(e) _ Lge)

E[Sup

e<t<T

|

T
< S fJog = Lifl + e [ REVLP)u? du= O(€),

where r = min(8 — 1 4+ 1/a — pa(7), Ya)> 0.
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@ tightness (based on moment estimates).

Q convergence of f.d.d.

Ve . .
o Change of time: ( 7 ) = (Ht)t>1, where H is solution
e/ i1 N
of

H, (=1
dHS:dRS—Uds—e“ « "0 F (Hg) ds.



@ tightness (based on moment estimates).

Q convergence of f.d.d.

Ve . .
o Change of time: ( 7 ) = (Ht)t>1, where H is solution
e/ i1 N
of

Hy
dH, = dR, — =" ds — F (H,) ds.



Q tightness (based on moment estimates).

Q convergence of f.d.d.
V(G)
o Change of time: tf/‘* = (Hiog(t)+10g(c-1) )t>1, Where
t>1

H is solution of

dH, = ARy — 15 ds — P (H,) ds.
«
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[e]e] o]

Q tightness (based on moment estimates).
Q convergence of f.d.d.
V(G)
o Change of time: tf/‘* = (Hiog(t)+10g(c-1) )t>1, Where
t>1

H is solution of
H,
dH, =dR; — —ds — F (H,)ds.
«

o Ap-strong ergodicity (Kulik, 2009) + stationnarity of H:

V(f) V(E)
< / 7 :>AF’10g<t1)710g(t2)'

ti/o‘ ’ t;/o‘ e—0



@ tightness (based on moment estimates).

Q convergence of f.d.d.
V(E)
o Change of time: th = (Hiog(t)+log(e-1))t>1, Where
t>1

H is solution of
H;
dH, = dR, — = ds — F (H,) ds.
!
o Ap-strong ergodicity (Kulik, 2009) + stationnarity of H:

(Vt(:)? Vg)) =0 T * Apog(tr) log(ts)

with T : uw = (ug,u2) — (ti/“ul,t;/”uQ).
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Set 7, = inf{t > to, |Vi| >}, r > 0.
Jensen’s inequality : E[|Vi|"] < E[|V]]".
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t
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Set 7, = inf{t > to, |Vi| >}, r > 0.
Jensen’s inequality : E[|Vi|"] < E[|V]]".

tATy
[Vinr—| < lvo — Liy| + [Ltnr,—| + K Vs, s P ds
to

t
1 _
g9r(t) < gr(to) + t=E[|L1[] + K [ g,(s)"s " ds
to
Gronwall-type lemma with g, : t = E[|Viar.—|], 77_1 +1< B and
Fatou’s lemma:

.. 1
E ([Vinre ) < liminf E [[Vinr, -] < Cy a0t
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Complete the image of the convergence of the position process
(work in progress):
0 qg< % in the Brownian case,

o multidimensional case:

F:v—sgn)|v]” «— F:veRY=vlo] !

q>1/2
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Complete the image of the convergence of the position process
(work in progress):

°0qg< % in the Brownian case,

o multidimensional case:
. Y . d __ 7—1
F:vwsgn(v) v|" «— F:veR=v|v|
q> 12

g = 1/2 up to strong ergodicity
q = 0 explicit solution for Poisson equation ?
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[e]e]e]e]

Complete the image of the convergence of the position process
(work in progress):
0 qg< % in the Brownian case,

o multidimensional case:

F:v—sgn)|v]” «— F:veRY=vlo] !

q> 12
g = 1/2 up to strong ergodicity
q = 0 explicit solution for Poisson equation ?

o sharp moment estimates in the stable case.
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Thank you for your attention !
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