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Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

Introduction

dynamics of an object under a frictional force

Newton’s second law:

v′t = −1

2
∇U(vt), U potential

x′t = vt

∇U(0) = 0

∃b : R→ R+,
1

2
∇U(v) = sgn(v)b(v)

Frictional forces
classical: b(v) = k |v|, k > 0

fluid dynamics (Rayleigh) : b(v) = kv2, k > 0

aerodynamics : b(v) = k |v|3, k > 0
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Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

Langevin

Add a random perturbation force:{
dVt = −Vt dt+ dBt

dXt = Vt dt

Persistent Turning Walker Model

Figure: Kuhlia Mugil

(θt, κt): velocity angle and
curvature{

dκt = −κt dt+
√

2α dBt

dθt = κt dt
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What about "kinetic" SDE ?


Vt = V0 + Lt −

∫ t

0

1

2
∂vU(s, Vs) ds,

Xt = X0 +
∫ t

0
Vs ds,

(1)

Xt: position at time t of a particle, with speed Vt.
(Vt)t≥0 can be seen as a random process in a potential
U(t, v))t≥0,v∈R.

Existence of solution ? Explosion ? Behaviour of
(rεXt/ε)t≥0, as ε→ 0 ?
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Generalization of the Langevin model ?
Non linearity of the frictional force:
Time non-homogeneity of the frictional force:
Discontinuity of the random force 99K jumps

(Fournier-Tardif, 2021) Vt = V0 +Bt +
ρ

2

∫ t

0

Θ′

Θ
(Vs) ds, ρ ≥ 0

Xt = X0 +
∫ t

0
Vs ds

for some even Θ : R 7→ (0,∞) C2 satisfying lim|v|→∞ |v|Θ(v) = 1.

f.d.d.- lim
ε→0

(rεXt/ε)t≥0, with rε −→
ε→0

0
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Generalization of the Langevin model ?
Non linearity of the frictional force:
Time non-homogeneity of the frictional force:
Discontinuity of the random force 99K jumps

(Gradinaru-Offret, 2013)

For ρ, β ∈ R, γ > −1,

Vt = V0+Bt+ρ
∫ t

0

sgn(Vs) |Vs|γ

sβ
ds

L− lim
t→∞

rtVt, with rt −→
t→∞

0
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Generalization of the Langevin model ?
Non linearity of the frictional force:
Time non-homogeneity of the frictional force:
Discontinuity of the random force 99K jumps

(Eon-Gradinaru 2015)
V ε
t = εLt −

∫ t

0
sgn(V ε

s ) |V ε
s |
γ ds, γ + α

2 > 2,

Xε
t = X0 +

∫ t

0
V ε
s ds.

L − lim
ε→0

rεX
ε
t
εα

5 / 28
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The model

dVt = dLt −
F (Vt)

tβ
dt, Vt0 = v0 > 0

dXt = Vt dt, Xt0 = x0 ∈ R.
(SKE)

(Lt)t≥0 is a Lévy process, β ∈ R.
F is supposed to satisfy

for some γ ∈ R, ∀v ∈ R, λ > 0, F (λv) = λγF (v). (Hγ)

When γ ≥ 1, assume for all v ∈ R, vF (v) ≥ 0.

Keep in mind

∀t ≥ t0, Vt = v0 − Lt0 + Lt −
∫ t

t0

ρ sgn(Vs)
|Vs|γ

sβ
ds.

6 / 28



Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

The model

dVt = dLt −
F (Vt)

tβ
dt, Vt0 = v0 > 0

dXt = Vt dt, Xt0 = x0 ∈ R.
(SKE)

(Lt)t≥0 is a Lévy process, β ∈ R.
F is supposed to satisfy

for some γ ∈ R, ∀v ∈ R, λ > 0, F (λv) = λγF (v). (Hγ)

When γ ≥ 1, assume for all v ∈ R, vF (v) ≥ 0.

Keep in mind

∀t ≥ t0, Vt = v0 − Lt0 + Lt −
∫ t

t0

ρ sgn(Vs)
|Vs|γ

sβ
ds.

6 / 28



Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

The model

dVt = dLt −
F (Vt)

tβ
dt, Vt0 = v0 > 0

dXt = Vt dt, Xt0 = x0 ∈ R.
(SKE)

(Lt)t≥0 is a Lévy process, β ∈ R.
F is supposed to satisfy

for some γ ∈ R, ∀v ∈ R, λ > 0, F (λv) = λγF (v). (Hγ)

When γ ≥ 1, assume for all v ∈ R, vF (v) ≥ 0.

Keep in mind

∀t ≥ t0, Vt = v0 − Lt0 + Lt −
∫ t

t0

ρ sgn(Vs)
|Vs|γ

sβ
ds.

6 / 28



Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

7 / 28



Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

8 / 28



Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

rε,XXt/ε = rε,Xx0 +

∫ t

ε

rε,X
ε︸︷︷︸

:=rε,V

Vs/ε ds.

rε,V Vt/ε = rε,V (v0−B1)+rε,VBt/ε−r
1−γ
ε,V εβ−1

∫ t

ε
rγε,V F

(
Vu/ε

rε,V

)
u−β du.

rε,V =
√
ε and rε,X = ε3/2 ?

Call q :=
β

γ + 1

0
•

1
2

•
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Moment estimates (Gradinaru-L.)

Assume q ≥ 1

2
. The inequality

∀t ≥ t0, E [|Vt|κ] ≤ C γ,κ,β,t0t
κ
2

yields for
κ ∈ [0, 1] when γ < 1,
κ ≥ 0, when for all v ∈ R, vF (v) ≥ 0.

10 / 28



Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

q =
β

γ + 1 0
•

1
2

•

Consider γ ≥ 0. Let (Bt)t≥0 be a standard Brownian motion. In
the space of continuous functions C((0,∞),R) endowed by the
uniform topology:

Theorem (q = 0 i.e. β = 0, for F (x) = ρ sgn(x) |x|γ ,
Eon-Gradinaru, 2015)
As ε→ 0,

(
√
εXt/ε)t≥0

f.d.d
=⇒ (σFBt)t≥0.

Theorem (q > 1
2 , Gradinaru-L.)

As ε→ 0,

(
√
εVt/ε, ε

3/2Xt/ε)t≥εt0 =⇒ (Bt,
∫ t

0
Bs ds)t>0.
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q =
β

γ + 1 0
•

1
2

•

Theorem (q = 1
2 , Gradinaru-L.)

Let H̃ be the ergodic process ,starting at its invariant measure,
solution to

dH̃s = dWs −
H̃s

2
ds− F

(
H̃s

)
ds,

(Wt)t≥0 being a standard Brownian motion. Call νF,t1,··· ,td its
f.d.d.
As ε→ 0,

(
√
εVt/ε, ε

3/2Xt/ε)t≥εt0 =⇒ (Vt,
∫ t

0
Vs ds)t>0.

The f.d.d. of the process (Vt)t≥0 are given by
T ∗ νF,log(t1/t0),··· ,log(td/t0),
T : u := (u1, · · · , ud) 7→ (

√
t1u1, · · · ,

√
tdud).
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q =
β

γ + 1 0
•

1
2

•

Theorem (q < 1
2 , for F (v) = ρ sgn(v) |v|γ , Gradinaru-Offret,

2013)

Call νF (dx) = 1
Z e
− 2ρ
γ+1
|x|γ+1

dx.
Then, as ε→ 0, for all t ≥ t0,

εqVt/ε

tq
=⇒ νF .
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Stable process

Fix α ∈ (0, 2).

Definition
A (symmetric) α- stable process (Lt)t≥0 is an (Ft)-adapted
process s.t

L0 = 0 a.s.
t 7→ Lt is a.s. càdlàg
for 0 ≤ s < t, the increment Lt − Ls is independent of Fs
and Lt − Ls ∼ Lt−s ∼ S(α, (t− s)1/α, 0, 0).

Scaling property

For c > 0,
(
Lct

c1/α

)
t≥0

is again an α-stable process.
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Moment estimates (Gradinaru-L.)

Assume β ≥ 1 + γ−1
α . The inequality

∀t ≥ t0, E [|Vt|κ] ≤ C γ,κ,β,t0t
pα(γ,κ)

yields with pα(γ, κ) defined by

α ∈ (0, 1) α ∈ (1, 2)

κ ∈ [0, α) κ ∈ [0, 1] κ ∈ (1, α)

γ ≥ 0 κ/α
γ ∈ [0, 1) κ/α 3κ/2α
γ ≥ 1 κ κ/α+ κ/2

17 / 28
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Consider γ ∈ [0, α). Let (St)t≥0 be an α-stable process.

Theorem (β > 1 + pα(γ)− 1
α , Gradinaru-L.)

Consider and β ≥ 0. Define pα(γ) by

α ∈ (0, 1) α ∈ (1, 2)

γ/α


γ/α if γ ∈ [0, 1)

γ if γ = 1

γ
(
1
α + 1

2

)
if γ ∈ (1, α).

Suppose also that for all v ∈ R, vF (v) ≥ 0 , when
α ∈ (0, 1)

or α ∈ (1, 2) and γ ≥ 1.
Then, as ε→ 0, in D((0,∞),R) (Skorokhod topology),

(ε
1/αVt/ε, ε

1+1/αXt/ε)t≥εt0 =⇒ (St,
∫ t

0
Ss ds)t>0, (2)

18 / 28
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Theorem (β = 1 + γ−1
α , Gradinaru-L.)

Let H̃ be the ergodic process ,starting at its invariant measure,
solution to

dH̃s = dRs −
H̃s

α
ds− F

(
H̃s

)
ds,

(Rt)t≥0 being an α-stable process. Call νF,t1,··· ,td its f.d.d.
As ε→ 0,

(ε
1/αVt/ε, ε

1+1/αXt/ε)t≥εt0
f.d.d
=⇒ (Vt,

∫ t

0
Vs ds)t>0.

The f.d.d. of the process (Vt)t≥0 are given by
T ∗ νF,log(t1/t0),··· ,log(td/t0),
T : u := (u1, · · · , ud) 7→ (t

1/α
1 u1, · · · , t

1/α
d ud).
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Step 1. From convergence of V to
convergence of X

Fix ε ∈ (0, 1] and t ≥ ε. Call (V
(ε)
t )t>0 := (ε1/αVt/ε)t>0.

If supε≤t≤T

∣∣∣V (ε)
t − L(ε)

t

∣∣∣ P→ 0, as ε→ 0 is proved.
One can write

X
(ε)
t := ε1+

1/αXt/ε = ε1+
1/αx0 +

∫ t

ε
ε
1/αVs/ε ds.

So
(V

(ε)
• , X

(ε)
• ) = gε(V

(ε)
• ),

where gε : v ∈ D 7→
(
vt,
∫ t
ε vs ds

)
t>0

converges as ε→ 0, to

g : v 7→
(
vt,
∫ t
0 vs ds

)
t>0

.

20 / 28
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Step 2a. Convergence of V for β > 1 + pα(γ)− 1
α

Prove that supε≤t≤T

∣∣∣V (ε)
t − L(ε)

t

∣∣∣ P→ 0, as ε→ 0.

V
(ε)
t = ε

1/α(v0−L1)+L
(ε)
t −εβ−1+

(1−γ)/α

∫ t

ε
ε
γ/αF

(
V

(ε)
u

ε1/α

)
u−β du.

For all T > 0,

sup
ε≤t≤T

∣∣∣V (ε)
t − L(ε)

t

∣∣∣
≤ ε1/α |v0 − L1|+ εβ−1+

(1−γ)/α sup
ε≤t≤T

∣∣∣∣∣
∫ t

ε

ε
γ/αF

(
V

(ε)
u

ε1/α

)
u−β du

∣∣∣∣∣ .

where r = min(β − 1 + 1/α− pα(γ), 1/α)> 0.
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Step 2b. Convergence of V for β = 1 + γ−1
α

1 tightness (based on moment estimates).
2 convergence of f.d.d.

Change of time:
(
Vet

et/α

)
t≥1

= (Ht)t≥1, where H is solution

of
dHs = dRs −

Hs

α
ds− es(

γ−1
α +1−β)F (Hs) ds.

ΛF -strong ergodicity (Kulik, 2009) + stationnarity of H:(
V

(ε)
t1

t
1/α
1

,
V

(ε)
t2

t
1/α
2

)
=⇒
ε→0

ΛF,log(t1),log(t2).

with T : u := (u1, u2) 7→ (t
1/α
1 u1, t

1/α
2 u2).
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Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

Moment estimates α ∈ (1, 2], γ ∈ [0, 1), κ ∈ [0, 1]

Set τr = inf{t ≥ t0, |Vt| ≥ r}, r ≥ 0.
Jensen’s inequality : E [|Vt|κ] ≤ E [|Vt|]κ.

|Vt∧τr−| ≤ |v0 − Lt0 |+ |Lt∧τr−|+
∫ t∧τr

t0

|F (Vs∧τr−)| s−β ds

E [|Vt∧τr−|] ≤ E [|v0 − Lt0 |]+ t
1
αE [|L1|]+

∫ t

t0

KE [|Vs∧τr−|
γ ] s−β ds

Gronwall-type lemma with gr : t 7→ E [|Vt∧τr−|],
γ−1
α + 1 ≤ β and

Fatou’s lemma:

E [|Vt∧τ∞ |] ≤ lim inf
r→∞

E [|Vt∧τr−|] ≤ Cγ,β,t0t
1
α .
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Introduction Brownian perturbation Random force with jumps: stable process Idea of proof

To go further

Complete the image of the convergence of the position process
(work in progress):

q < 1
2 in the Brownian case,

multidimensional case:

F : v 7→ sgn(v) |v|γ ←→ F : v ∈ Rd = v‖v‖γ−1

X q > 1/2
? q = 1/2 up to strong ergodicity
? q = 0 explicit solution for Poisson equation ?

sharp moment estimates in the stable case.
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Thank you for your attention !
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