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n41 NR(D)> BI’I—H NU(1,...,I’7)

are mutually independant and independant of F, = o(X1,...,Xn).
Then,
steps to the right steps to the left
Btysr = 1) = pHHEPS OO BN, ) hlstepsre )
_ Sp+n n—3Sp

:%(1+(2p—1)5n—”).

The conditionnal distribution of X, given the past is
L(Xn+1|Fn) = R(Pn)

where p, = <1 + a%) anda=2p—1.
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We deduce that
E[Sn411F] = Sn + ElXns1/Fal = Sn + (200 = 1) = (14 =) S0 = 050
The study relies on a martingale approach
M, = a,S,

where a; = 1 and
n—1

1 la+1r(n)
1
an=\l% =—F——F—
e F(n+a)
The process (My) is a locally bounded square-integrable martingale. Indeed,
E[Mn+1’-7:n] = an+1E[Sn+1‘}—n] = Un417nSn = anSn =M,

and E[M2] < (nap)?.
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The process (M,) can be rewritten as

n
Mp = Zakﬁk where €r = Sk — Vr—1Sk_1-
k=1

Let AMyp = My, — Mp_q = ageg. The asymptotical behavior of (M) is directly related to
the one of its quadratic variation defined as

(M)n =D E[(AMp)|Fia] = Y aRE[eR|Fiel-
k=1 k=1

We need to compute
Elet| Fr—1] = E[S§I Fr-1] — (Yr—15k—1)°
= E[Sh_1 + 2Sk—1Xk + 1| Fpo1] — (Yo—15k—1)’
= g1+ 2(Ye—1 — DSk + 1= (Yr=1Sk—1)?
=1— (% — 1)25ﬁ~
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Hence, we obtain that
n n Sk 2
(Myp=>aj - azzaﬁ(ﬁ> :
k=1 k=1

The asymptotical behavior of (M), is closely related to the one of

n
Vo =) _aj
k=1
as (M), < v, almost surely.

Thanks to asymptotical equivalent for the Gamma function, we obtain three different
regimes for the elephant’s behavior :

» the diffusive regime where a < 1/2 and v, = O(n**~"),
» the critical regime where a =1/2 and v, = O(log n),
» the superdiffusive regime where a > 1/2 and v, = O(1).
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The multidimensional ERW

The elephant starts at the origin of Z¢ at time zero. At time n = 1, the elephant moves
uniformly to one of the 2d directions.
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The multidimensional ERW

The elephant starts at the origin of Z¢ at time zero. At time n = 1, the elephant moves
uniformly to one of the 2d directions. At any time n + 1 > 2, it chooses uniformly
at random an interger k among the previous times 1,...,n, and the position of the
elephant is given by

Sn+’| = Sn +Xn+’| Where Xn+’| = AnJr’] . Xﬁn+1
with Apq1 € My(R) such that

+I4 with probability p

—Ig with probability -2 01 0 0
+Jg with probability ;7% 0 0 1 0
Ans1 = { —Jg with probability -2 and Jg = . =14

)
o
o -
o

+%7" with probability 572
—J9" with probability 572

1



The multidimensional ERW

The critical parameter is

_2d+1 PRI 2dp —1
Pd= =g T 2d-1
Once again, there are three regimes of behavior.

Remark. The case of the usual random walk where p = 2ld always appears in the
diffusive regime.
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Center of mass of a random walk

The center of mass of a random walk (Sp), is defined by

,I n
Gn = nkz;sk.

In the usual case, where (X,) are i.i.d random vectors of RY with mean g and covariance

matrix I, it is true that
n

n n
Gp = %Zskz %Z(n—mw)xk and ¥, = %kak
k=1 k=1 k=1

share the same distribution.

It is possible to obtain the strong law of large numbers and the asymptotic normality.

Theorem (Lo and Wade, 2019)
(60— 5) 52, (0 557)

n—oo

1 1
lim -G, = i“ a.s. and

n—oo N

Si-



Center of mass of the ERW

In the case of the MERW on Z9 we have

1 ”S I Y
_EZ k—ﬁzcﬁ R
k=1 k=1

with by = 0 and b, = Za,;?
k=1
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Center of mass of the ERW

In the case of the MERW on Z9 we have

1 ”S I Y
_EZ k—ﬁzcﬁ R
k=1 k=1

with bg = 0 and by = Za,;?
k=1
Consequently, G, can be rewritten
,] n

15



A martingale approach

The process (Nj) is a square integrable martingale such that

(N)y = wp 4+ o(wy) = 0(n®)  as.

n
where w, = " apb_;.
b=t



A martingale approach

The process (Nj) is a square integrable martingale such that

n
where w, = " apb_;.
k=1

A The quadratic variations of M, and N, increase at different speeds.



A martingale approach

The process (Nj) is a square integrable martingale such that

n
where w, = " apb_;.
k=1

A The quadratic variations of M, and N, increase at different speeds.

> The solution is to study the multivariate martingale M, = (M, N,,)T € R% and to
use a matrix normalization

"“nvn\o 1 T a0 1y
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The process (Nj) is a square integrable martingale such that

n
where w, = " apb_;.
k=1

A The quadratic variations of M, and N, increase at different speeds.

> The solution is to study the multivariate martingale M, = (M, N,,)T € R% and to
use a matrix normalization

"“nvn\o 1 T a0 1y

G
Vvn

in the way that

1
=vIV,M, where v:( 1)@Id.



Usefull results

Theorem (Touati, 1991)

Let (M,) be a locally square-integrable martingale of R® adapted to a filtration
(Fn), with predictable quadratic variation (M),. Let (V) be a sequence of
non-random square matrices of order ¢ such that ||V,|| decreases to 0 as n goes to
infinity. Assume that there exists a symmetric and positive semi-definite matrix V

such that
P

(H1) V(M) V] — V.
Moreover, assume that Lindeberg’s condition is satisfied, that is for all € > 0,

n

2 P

(H.2) ;E[anAM,?! Livoamyl>ey| Foa] = 0

=1

where AM, = M, — M,_4. Then, we have the asymptotic normality
VoM, - N(0,V).
n—oo



Usefull results

Theorem (Chadabane and Madouia, 2000)

Let (M) be a locally square-integrable martingale of R® adapted to a filtration
(Fn), with predictable quadratic variation (M),. Let (V,,) be a sequence of
non-random positive definite diagonal matrices of order 6 such that its diagonal
terms decrease to zero at polynomial rates. Assume that (H.1) and (H.2) hold almost
surely. Moreover, suppose that there exists 5 €]1,2] such that

> 1

(H.3) E[|VaAM 28| Fn_q] < o0 as.
nzz; (Iog(det V;’I)z)ﬁ [ n n ‘ n :|
Then, we have the quadratic strong law

. 1 ./ (det V)2 — (det Vjyq)?
lim 5 Z(

VeMeMVI =V as.
n—oo log(det V; ') (det Vy)? ) RIVTRTTR TR

R=1



Theorem (Law of large numbers)

Diffusive Critical Superdiffusive
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Theorem (Law of large numbers)

Diffusive Critical Superdiffusive
lim Gn as 0 lim _Gn =) lim Gn as./L? L
n—oco [ o n—o0 \/ﬁ|0gn n—o00 na a +’|

Theorem (Quadratic strong law and law of iterated logarithm)

) Diffusive : CrgiticaGthT )G
[ Z(G@)z“‘ ’ i T Togl nz<l’el w =9g'd
= n—
n—00 log N R 3(1—2a)(2—a)d oo 108108 11 = o8
. 162 as 4

li =
|rr]n_>solip 2nlognlogloglogn  9d
Theorem (Asymptotic normality)
Diffusive Critical
G e

2 Gn L 4
BTN — = N(0,—I
V/n n—oo N(O’ 3(1—2a)(2 — Cl)dld) Vnlogn n—oo ( 9d d)




Trajectories when d=2
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Merci pour votre attention !
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