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The Elephant Random Walk

The elephant random walk is a random walk on Z. The elephant starts at the origin
at time zero. At time n = 1, the elephant moves to the right with probability q and
to the left with probability 1 − q.

At any time n + 1 ≥ 2, it chooses uniformly at ran-
dom an interger k among the previous times 1, . . . ,n, and we define for p the memory
parameter

Xn+1 =

 +Xk with probability p,

−Xk with probability 1− p.

The position of the elephant is given by

Sn+1 = Sn + Xn+1.

−1 0 1 Sn

p1− p

1− pp
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A subject of interest
2004 Schütz and Trimper first introduced the Elephant Random Walk

2013 Schütz, Trimper et al. – Non-gaussian propagator for ERWs
2016 Baur and Bertoin – Connection between ERW and Pòlya-type urns
2017 Colleti, Schütz et al. – Strong invariance principle and CLT
2018 Bercu – A martingale approach (LLN, LIL, QSL and CLT)

Businger - The Shark Random Swim
2019 Bercu, Chabanol, Ruch – Hypergeometric identities from the ERW

Bercu and L. – Multidimensional ERW
Kubota and Takei – Gaussian fluctuations in the superdiffusive regime
Vázquez Guevara – Almost sure CLT

2020 Bertenghi – Functional limit theorems for the MERW
Bertoin – Counterbalancing steps at random in a random walk
Baur – A class of reinforced RW (including ERW) using Pòlya-type urns
Bercu and L. – The center of mass of the ERW
L. – New insights on the RERW using a martingale approach

2021 Bertoin – Counting the zeros of the ERW

: 10 arXiv preprints over the last 12 months, > 30 since 2016... and more to come !
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A martingale approach

We can write Xn+1 = αn+1Xβn+1 where the random variables

αn+1 ∼ R(p), βn+1 ∼ U(1, . . . ,n)

are mutually independant and independant of Fn = σ(X1, . . . , Xn).

Then,

P(Xn+1 = 1|Fn) = p#{steps to the right}
n

+ (1− p)#{steps to the left}
n

= pSn + n
2n

+ (1− p)n− Sn
2n

=
1
2

(
1+ (2p− 1)Sn

n

)
.

The conditionnal distribution of Xn+1 given the past is

L(Xn+1|Fn) = R(pn)

where pn =
1
2

(
1+ aSn

n

)
and a = 2p− 1.
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A martingale approach

We deduce that

E[Sn+1|Fn] = Sn + E[Xn+1|Fn] = Sn + (2pn − 1) =
(
1+ a

n

)
Sn = γnSn.

The study relies on a martingale approach

Mn = anSn

where a1 = 1 and

an =
n−1∏
k=1

γ−1k =
Γ(a+ 1)Γ(n)
Γ(n+ a)

.

The process (Mn) is a locally bounded square-integrable martingale. Indeed,

E[Mn+1|Fn] = an+1E[Sn+1|Fn] = an+1γnSn = anSn = Mn

and E[M2n] ≤ (nan)2.
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A martingale approach

The process (Mn) can be rewritten as

Mn =
n∑
k=1

akεk where εk = Sk − γk−1Sk−1.

Let ∆Mk = Mk − Mk−1 = akεk. The asymptotical behavior of (Mn) is directly related to
the one of its quadratic variation defined as

〈M〉n =
n∑
k=1

E[(∆Mk)2|Fk−1] =
n∑
k=1

a2kE[ε
2
k|Fk−1].

We need to compute

E[ε2k|Fk−1] = E[S2k|Fk−1]− (γk−1Sk−1)2

= E[S2k−1 + 2Sk−1Xk + 1|Fk−1]− (γk−1Sk−1)2

= S2k−1 + 2(γk−1 − 1)S2k−1 + 1− (γk−1Sk−1)2

= 1− (γk−1 − 1)2S2k.
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Three regimes

Hence, we obtain that

〈M〉n =
n∑
k=1

a2k − a2
n∑
k=1

a2k
(Sk
k

)2
.

The asymptotical behavior of 〈M〉n is closely related to the one of

vn =
n∑
k=1

a2k

as 〈M〉n ≤ vn almost surely.

Thanks to asymptotical equivalent for the Gamma function, we obtain three different
regimes for the elephant’s behavior :

› the diffusive regime where a < 1/2 and vn = O(n2a−1),
› the critical regime where a = 1/2 and vn = O(log n),
› the superdiffusive regime where a > 1/2 and vn = O(1).
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Main results

Theorem (Law of large numbers)
Diffusive

lim
n→∞

Sn
n

a.s.
= 0

Critical

lim
n→∞

Sn√
n log n

a.s.
= 0

Superdiffusive

lim
n→∞

Sn
na

a.s./L4
= L

Theorem (Quadratic strong law and law of iterated logarithm)
Diffusive

lim
n→∞

1
log n

n∑
k=1

(Sk
k

)2 a.s.
=

1
1− 2a

lim sup
n→∞

S2n
2n log log n

a.s.
=

1
1− 2a

Critical

lim
n→∞

1
log log n

n∑
k=1

( Sk
k log k

)2 a.s.
= 1
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The Multidimensional Elephant
Random Walk



The multidimensional ERW

The elephant starts at the origin of Zd at time zero. At time n = 1, the elephant moves
uniformly to one of the 2d directions.

At any time n + 1 ≥ 2, it chooses uniformly
at random an interger k among the previous times 1, . . . ,n, and the position of the
elephant is given by

Sn+1 = Sn + Xn+1 where Xn+1 = An+1 · Xβn+1
with An+1 ∈ Md(R) such that

An+1 =



+Id with probability p
−Id with probability 1−p

2d−1
+Jd with probability 1−p

2d−1
−Jd with probability 1−p

2d−1
...

+Jd−1d with probability 1−p
2d−1

−Jd−1d with probability 1−p
2d−1

and Jd =



0 1 0 · · · 0

0 0 1 . . . 0
... . . . . . . . . . ...

0 . . . . . . . . . 1
1 0 · · · 0 0


, Jdd = Id.
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The multidimensional ERW

The critical parameter is

pd =
2d+ 1
4d

⇐⇒ a =
2dp− 1
2d− 1

.

Once again, there are three regimes of behavior.

Remark. The case of the usual random walk where p =
1
2d

always appears in the
diffusive regime.
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Main results for the MERW

Theorem (Law of large numbers)
Diffusive

lim
n→∞

‖Sn‖
n

a.s.
= 0

Critical

lim
n→∞

‖Sn‖√
n log n

a.s.
= 0

Superdiffusive

lim
n→∞

‖Sn‖
na

a.s./L2
= Ld

Theorem (Quadratic strong law and law of iterated logarithm)
Diffusive

lim
n→∞

1
log n

n∑
k=1

(SkSTk
k

)2 a.s.
=

1
(1− 2a)d

Id

lim sup
n→∞

‖Sn‖2

2n log log n
a.s.
=

1
(1− 2a)d

Critical

lim
n→∞

1
log log n

n∑
k=1

( SkSTk
k log k

)2 a.s.
=
1
d
Id

lim sup
n→∞

‖Sn‖2

2n log n log log log n
a.s.
=
1
d

Theorem (Asymptotic normality)
Diffusive

Sn√
n

L−→
n→∞

N
(
0, 1

(1− 2a)d
Id
) Critical

Sn√
n log n

L−→
n→∞

N
(
0, 1
d
Id
)
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The Center of Mass



Center of mass of a random walk

The center of mass of a random walk (Sn)n is defined by

Gn =
1
n

n∑
k=1

Sk.

In the usual case, where (Xn) are i.i.d random vectors ofRd with meanµ and covariance
matrix Γ, it is true that

Gn =
1
n

n∑
k=1

Sk =
1
n

n∑
k=1

(
n− k+ 1

)
Xk and Σn =

1
n

n∑
k=1

kXk

share the same distribution.

It is possible to obtain the strong law of large numbers and the asymptotic normality.

Theorem (Lo and Wade, 2019)

lim
n→∞

1
n
Gn =

1
2
µ a.s. and 1√

n

(
Gn −

n
2
µ
)

L−→
n→∞

N
(
0, 1
3d

Γ
)
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Center of mass of the ERW

In the case of the MERW on Zd, we have

Gn =
1
n

n∑
k=1

Sk =
1
n

n∑
k=1

1
ak
Mk

=
1
n

n∑
k=1

1
ak

k∑
`=1

a`ε` =
1
n

n∑
k=1

akεk
n∑

`=k

1
a`

,

=
1
n

n∑
k=1

ak(bn − bk−1)εk

with b0 = 0 and bn =
n∑
k=1

a−1k .

Consequently, Gn can be rewritten

Gn =
1
n
(
bnMn − Nn

)
where Nn =

n∑
k=1

akbk−1εk.
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A martingale approach

The process (Nn) is a square integrable martingale such that

〈N〉n = wn + o(wn) = O(n3) a.s.

where wn =
n∑
k=1

a2kb
2
k−1.

Exclamation-Triangle The quadratic variations of Mn and Nn increase at different speeds.

: The solution is to study the multivariate martingale Mn = (Mn Nn)T ∈ R2d and to
use a matrix normalization

Vn =
1

n
√
n

(
bn 0
0 1

)
⊗ Id =

1
n
√
n

(
bnId 0
0 Id

)
in the way that

Gn√
n
= vTVnMn where v =

(
1
−1

)
⊗ Id.
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Usefull results

Theorem (Touati, 1991)
Let (Mn) be a locally square-integrable martingale of Rδ adapted to a filtration
(Fn), with predictable quadratic variation 〈M〉n. Let (Vn) be a sequence of
non-random square matrices of order δ such that ‖Vn‖ decreases to 0 as n goes to
infinity. Assume that there exists a symmetric and positive semi-definite matrix V
such that

(H.1) Vn〈M〉nVTn
P−→

n→∞
V.

Moreover, assume that Lindeberg’s condition is satisfied, that is for all ε > 0,

(H.2)
n∑
k=1

E
[
‖Vn∆Mk‖21{‖Vn∆Mk‖>ε}

∣∣Fk−1] P−→
n→∞

0

where ∆Mn = Mn −Mn−1. Then, we have the asymptotic normality

VnMn
L−→

n→∞
N
(
0, V

)
.
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Usefull results

Theorem (Chaâbane and Maâouia, 2000)
Let (Mn) be a locally square-integrable martingale of Rδ adapted to a filtration
(Fn), with predictable quadratic variation 〈M〉n. Let (Vn) be a sequence of
non-random positive definite diagonal matrices of order δ such that its diagonal
terms decrease to zero at polynomial rates. Assume that (H.1) and (H.2) hold almost
surely. Moreover, suppose that there exists β ∈]1, 2] such that

(H.3)
∞∑
n=1

1(
log(det V−1n )2

)βE[‖Vn∆Mn‖2β
∣∣Fn−1] < ∞ a.s.

Then, we have the quadratic strong law

lim
n→∞

1
log(det V−1n )2

n∑
k=1

((det Vk)2 − (det Vk+1)2

(det Vk)2
)
VkMkMT

kV
T
k = V a.s.
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Main results

Theorem (Law of large numbers)
Diffusive

lim
n→∞

Sn
n

a.s.
= 0

Critical

lim
n→∞

Sn√
n log n

a.s.
= 0

Superdiffusive

lim
n→∞

Sn
na

a.s./L4
= L

Theorem (Quadratic strong law and law of iterated logarithm)
Diffusive

lim
n→∞

1
log n

n∑
k=1

(SkSktT
k

)2 a.s.
=

1
(1− 2a)d

Id

lim sup
n→∞

‖Sn‖2

2n log log n
a.s.
=

1
(1− 2a)d
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1
log log n

n∑
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( SkSTk
k log k
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1
d
Id
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2n log n log log log n
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1
d
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Sn√
n

L−→
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N
(
0, 1

(1− 2a)d
Id
) Critical

Sn√
n log n

L−→
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N
(
0, 1
d
Id
)
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Trajectories when d=2

p = 0.30 p = 0.55 p = 0.70
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Merci pour votre attention !
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