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N
Point Process

e A point process is defined as a mapping from a probability space to
configurations of points of R?, namely its intersection with any compact
of R? is locally finite.

> Points processes have emerged as powerful tools for modeling natural
phenomena such as monitoring a population or plants locations.
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FIGURE 1 — Position of 271 adult pine trees in a forest (MA.Gallego, V.lbafiez,
A.Simo " Parameter estimation in non-homogeneous Boolean models : an

application to plant defense response.” Image Analysis and Stereology)
Safa Ladgham ( MAPS5 - Université de Paris Repulsion of zeros of Gaussian fields June 25, 2021 2/17



Repulsion and Attraction

One of the central questions in the study of point process is to know if the
points have a tendency to attract or repel each other.
Repulsive point processes are useful in a number of applications, such as

sampling points for quasi Monte Carlo methods, data mining, training set
selection in machine learning.
Example :

FIGURE 2 — Left : The Poisson point process. Right : The Determinantal point
process (D.Beliaev, V.Cammarota, |.Wigman)

Safa Ladgham ( MAPS5 - Université de Paris Repulsion of zeros of Gaussian fields June 25, 2021 3/17



Repulsion and Attraction
Definition

For X a point process and B, a small disc of radius p > 0.
As p—0

» Local Repulsion :

P(#X N B, =2) << (P(#X N B, = 1))

» Local Attraction :

(P#XNB,=1))2 << P(#XNB,=2)

Remark

For Poisson process (or a finite collection of independent points) on the
plane : (#X N B,) £ Poiss( A7 p?)

_ 4 _ 2
P(#XNB,=2)~ p* P#XNB,=1)~ p*
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Gaussian random Field

A centered random field ¢ : R? — R is a centered Gaussian random field,
if any finite linear combination of all these random vectors are Gaussian.
The distribution of a Gaussian random field is determined by its
expectation and covariance functions :

e The covariance function of ¢ is defined by

o: RZxR? — R

(s;t) = E[p(s)y(t)]
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Gaussian random Field

» ¢ is said stationary, if its law is invariant under the translation :

V(s,t) € (R?)?, o(s,t) =o(s—t,0)
» ¢ is said isotropic, if its law is invariant under any rotation 6 of the
parameter space :
v € SO(2), ¥(s, t) € (R?)?,  o(6(s),0(t)) = o(s, t).
» If ¢ is sationary and isotropic, one can write o by
o(s, t) = o(l|lz — wl)
Example of covariance function :
o o(x) = exp(—%z), xeR
o o(x) = Jo(x) where = Jo(x) =1 [ cos(xsin(x))dx is the Bessel

) B
function.
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Critical points

Study of critical points : number ?, position 7, repulsion behavior ?
are important issues in various application areas such as detection of peaks
of the random field and the geometry of nodal lines . ...

For a smooth Gaussian field ) : R> — R, stationary, isotropic, the number
of critical points in a small ball B, of radius p > 0

N7 () = #{x € B, : Vi(x) = 0}.

» 1) smooth Gaussian = set of critical points is a point process on R?.
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|
D.Belyaev, V.Cammarota and [.Wigman(2019)

They study the repulsion of the critical points for a particular Gaussian
field ¢ : R? — R the "Berry's Planar Random Wave Model” (covariance
function Bessel).

Neutral repulsion between the critical points and a strong repulsion
between minima and maxima is showed.

FIGURE 3 — Left : extrema only (red diamonds are local maxima, blue squares are

local minima), right : saddles only.
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N
Model

Let ¢ : R> — R be a C* smooth Gaussian field, stationary, isotropic and
centered with variance 1. The law of 1) is prescribed by the covariance
function

Ep(z)(w)]:=o(lz—w]) 2z weR

» We study the local repulsion of critical points and study separately
the different types of critical points (local max, local min, saddles).

» To quantify the repulsion of the critical points process, we compute

o EN; (¥)] = PN, (¥) = 1) + 2PN (¥) = 2) + 3PN, (¥) =3) + ...

p

o EIVS()(NS(8) — 1)] = 2BV () = 2) + BB(NS () = 3) + ..
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Kac-Rice formula

We assume that the Gaussian vector (Vi)(z1). .., Vi(zk)) is
non-degenerate, Vz; € R?. Then, for n > 1, the n-th factorial moment of

N5 (1) is given by

BINSNE 1)V~ (- 1)) = [ /HB Ko(2) dz,

where z = (z1...,2,) € B(p) x ... x B(p) C R?",
and K,, is the n-point correlatlon functlon

Kn(2) = dvy(a),. .. vz)) (0, -, 0)x

n

E [ ] Idet Hy(zi)| | Vip(z1) = ... :w(zn):o],

i=1
where (v (z2,),....vi(z)) (0, - - - ; 0) is the density probability function of the

Gaussian vector (Vi)(z1),...,Vi(z,)) evaluated at (0,...,0), and Hy(z)
is the Hessian matrix at z;.
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Expected number of critical points

First Result :
For every p > 0, we have

EN;]=c p?  (E(#critical points)),

E[N;] = ce p* (E(#extremal points)),
EINS] = cs p*  (E(#saddles points)),

; 1
EN" = EN™] = EE[N;]
We have exact values for ¢, c. and ¢, only depending on ¢’(0), 0" (0).
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The second factorial moment of /\/'/f,./\/:ge,/\/'ps

Theorem
As p — 0, we have the following asymptotic
EINEWNE = 1)] ~ ac p*.
For the numbers of extrema, saddles in a ball of radius p, we have

BINS(NS - 1) = 4
ENS (N —1)] =< o,
ENSNST ~ aes ot

where ac, ae s are positive constants.
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Repulsion or not ?

As p — 0,
PVS=1)=p? PN =2)x
PNy =1) < 0> P(Ng =2) = pf
PN, =1) < P> PN, =2) = p’

» Critical points : exhibit no repulsion no attraction.

» Extrema, Saddles : local repulsion.
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Repulsion or not ?

FIGURE 4 — Left : critical points of a random plane wave. Right : The Poisson
point process which has the same density. (D. Beliaev, V. Cammarota, |. Wigman)
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Similar work

» Azais and Delmas 2019 : They study the attraction or repulsion of
critical points for general stationary Gaussian fields in any dimension.
Using a different method( random Matrix Theory)

Critical points :

e N > 2 : attraction,

e N = 2 : neutrality.

VN : a strong repulsion between maxima and minima
(PN = 1N > 1,) << PN > 1)P(N7 > 1))
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Thank you
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