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Counting process and intensity

Definition (Simple counting process)

A stochastic process (Ht)t∈R+ is called a simple counting process if

Ht ≥ 0 for any t ≥ 0,

H is non-decreasing,

H has jumps of size 1.

Giving a simple counting process is equivalent to giving an infinite
increasing sequence of jumping times

0 < τ1 < τ2 < · · ·

Definition (Intensity process)

The intensity/rate process (λt)t∈R+ is the predictable process defined as

λtdt = E[Ht+dt − Ht |Ft− ].

M. Khabou (IMT) Malliavin-Stein for Hawkes processes 24 June 2021 3 / 23



Counting process and intensity

Definition (Simple counting process)

A stochastic process (Ht)t∈R+ is called a simple counting process if

Ht ≥ 0 for any t ≥ 0,

H is non-decreasing,

H has jumps of size 1.

Giving a simple counting process is equivalent to giving an infinite
increasing sequence of jumping times

0 < τ1 < τ2 < · · ·

Definition (Intensity process)

The intensity/rate process (λt)t∈R+ is the predictable process defined as

λtdt = E[Ht+dt − Ht |Ft− ].

M. Khabou (IMT) Malliavin-Stein for Hawkes processes 24 June 2021 3 / 23



Hawkes compound process

Definition

Let H a simple counting process and (Xk)k∈N i.i.d positive random
variables.
A compound Hawkes process (Lt)t∈R+ is defined as

Lt =
Ht∑
k=1

Xk ,

where the intensity process λ of H follows the dynamics

λt = µ+

∫ t−

0
φ(t − s)dLs = µ+

∑
τk<t

φ(t − τk)Xk .

Where φ is a non-negative integrable kernel such that ‖φ‖1E[X ] < 1.
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Hawkes process defined as Poisson embedding

Compound Hawkes as thinning from a Poisson measure

Let N(t, θ, y) be a three component Poisson process of intensity
dtdθdν(y) where ν(y) is the distribution of X . The following SDE{

Lt =
∫

[0,t]×R2
+
y1θ≤λsN(ds,dθ,dν(y)),

λt = µ+
∫

[0,t)×R2
+
yφ(t − s)1θ≤λsN(ds,dθ,dν(y)),

has a unique solution such that L is adapted and λ is predictable with
respect to the Poisson filtration.
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Simulation

Figure 1: A simulation with φ(s) = αse−βs and X ∼ Exp(1).
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Simulation

Figure 2: A simulation with φ(s) = αse−βs and X ∼ Exp(1).
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Long time behaviour for L

Do we have a CLT for L?

Set m = E[X ]. We define the martingale MT = LT −m
∫ T

0 λtdt. If
X ≡ 1, we have that

FT :=
MT√
T

=⇒
T→+∞

N (0, σ2),

where σ2 = µ
1−‖φ‖1

.

Bacry et al. have also proved that for YT =
LT−m

∫ T
0 E[λt ]dt√
T

YT =⇒
T→+∞

N (0, σ̃2),

where σ̃2 = µ
(1−‖φ‖1)3 .

Can we quantify the speed of convergence?
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Stein’s method

A measure of the distance between two distributions V and G is the
Wasserstein metric

dW (V ,G ) = sup
f ∈Lip

|E [f (V )− f (G )]| ,

with Lip = {f ∈ C1(R), ‖f ′‖∞ ≤ 1}.

If G ∼ N (0, γ2), C.Stein proved that

dW (V ,G ) ≤ sup
f ∈FW

∣∣E [γ2f ′(V )− Vf (V )
]∣∣ ,

with FW = {f ∈ C2(R), ‖f ′‖∞ ≤ 1, ‖f ′′‖∞ ≤ 2}.
How to obtain a bound if we plug in the normalized martingale FT ?
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Malliavin calculus for Hawkes processes

Definition (Divergence operator)

Let L be a compound Hawkes process of intensity λ. Let (Zt,x)(t,x)∈R2
+

be
a predictable process. The divergence of Z is defined as

δ(Z ) =

∫
R3

+

Zt,x1θ≤λt (N(dt,dθ,dν(x))− dtdθdν(x)) ,

whenever the expectations of the square of these integrals are finite.

Example

δ

(
x1t≤T√

T

)
=

MT√
T

= FT .
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Malliavin calculus for Hawkes processes

Definition (Shift operator)

Let u ≤ t and x > 0. The shift operator consists of adding an artificial
jump of size x at time u to the Hawkes process and to its intensity:

Lt ◦ ε(u,x) = Lu + x +
∫

(u,t]×R2
+
y1θ≤λs◦ε(u,x)

N(ds,dθ,dν(y)),

λt ◦ ε(u,x) = µ+
∫

(0,u) φ(t − s)dLs + yφ(t − u)

+
∫

(u,t) φ(t − s)d(Lt ◦ ε(u,x)).

We extend the operator naturally to any random variable V ∈ σ(Ls , s ≤ t).

Definition (Malliavin derivative)

Let V ∈ σ(Ls , s ≤ t). For u ≤ t, the Malliavin derivative of V is defined as

D(u,x)V = V ◦ ε(u,x) − V .

M. Khabou (IMT) Malliavin-Stein for Hawkes processes 24 June 2021 13 / 23



Shifted loss and intensity

Figure 3: The effect of adding a jump of size x = 3 at time u = 5. The kernel is
φ(s) = αe−βs .
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Malliavin derivatives of L and λ

Figure 4: The processes L̂u,xt and λ̂u,xt .

Derivative of the normalized martingale

D(u,x)FT =
1√
T

(
x + M̂u,x

T

)
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Integration by parts

Duality

Let (Zt,x)t≥0 be a predictable process and V ∈ σ(Ls , s ≥ 0). It holds that

E[δ(Z )V ] = E[

∫
R2

+

λtZt,xD(t,x)Vdtdν(x)].

Verification for X ≡ 1, φ ≡ 0 and Zt = 1t≤T :

E[(NT − µT )f (NT )] =
+∞∑
n=0

nf (n)e−µT
(µT )n

n!
− µTE[f (NT )],

=
+∞∑
n=0

f (n)e−µT
(µT )n

(n − 1)!
− µTE[f (NT )],

=E[µT (f (NT + 1)− f (NT ))].
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General bound on the Wasserstein metric

We combine Stein’s method with Malliavin calculus: Nourdin-Peccati
approach.

Remember that

dW (V ,G ) ≤ sup
f ∈FW

∣∣E [γ2f ′(V )− Vf (V )
]∣∣ ,

with FW = {f ∈ C2(R), ‖f ′‖∞ ≤ 1, ‖f ′′‖∞ ≤ 2}.
If V = δ(Z ), then E[Vf (V )] becomes

E[

∫
R2

+

λtZt,xD(t,x)f (V )dtdν(x)].

Using a Taylor expansion it is possible to write

D(t,x)f (V ) = f ′(V )D(t,x)V +
1

2
f ′′(V̄ )|D(t,x)V |2.
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General bound on the Wasserstein metric

Hence

E
[
γ2f ′(V )− Vf (V )

]
=E

[
γ2f ′(V )

]
− E

[
f ′(V )

∫
R2

+

λtZtD(t,x)Vdtdν(x)

]

− 1

2
E

[
f ′′(V̄ )

∫
R2

+

λt |Zt ||D(t,x)V |2dtdν(x)

]
.

General bound

Let G ∼ N (0, γ2). For V = δ(Z ) we have the bound

dW (V ,G ) ≤E[|γ2 −
∫
R2

+

λtZt,xD(t,x)Vdtdν(x)|]

+ E[

∫
R2

+

λt |Zt,x ||D(t,x)V |2dtdν(x)].
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Application to the normalized martingale

Recall that FT = MT√
T

= δ(
1t≤T√

T
).

The Gaussian limit is centered and its variance is σ2 =
∫
x2dν(x)µ

1−m‖φ‖1
.

Theorem

If ν has a moment of order 2 and
∫ +∞

0 sφ(s)ds < +∞ then we have the
following

dW (FT ,G ) ≤ 1

T
E[|
∫
R+

∫ T

0
λtM̂

t,x
T dtdν(x)|] + O(

1√
T

),

where G ∼ N (0, σ2).
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An explicit bound

For a spacial choice of the kernel φ(s) = αe−βs (mα < β) or
φ(s) = αse−βs (mα < β2), (λ, L) is (up to some extra manipulations)
a Markov process. The same can be said about (λ̂u,xT , L̂u,xT ).

In these cases we have more explicit results on M̂t,x
T which makes it

possible to have a better bound.

Theorem (Explicit bound)

If ν has a third moment and φ is either an exponential or an Erlang
function then we have that

dW (FT ,G ) = O(
1√
T

).
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Approximation of L by a deterministic entity

It is interesting to approximate Lt with a deterministic entity.

Recall that YT =
LT−m

∫ T
0 E[λt ]dt√
T

. If the kernel is exponential or

Erlang,
∫ T

0 E[λt ]dt is known explicitely.

Moreover we have that

YT =
FT

1−m‖φ‖1
+ RT

where RT ∝ λT−E[λT ]√
T

is a ”small” remainder.

In this case as well we can prove that

dW (YT , G̃ ) = O(
1√
T

),

where G̃ ∼ N (0, σ̃2) with σ̃2 =
∫
x2dν(x)µ

(1−m‖φ‖1)3 .
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Thank you for your attention.
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