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Deterministic population growth models

We take x: = a(x¢), xo = x > 0.
- v is supposed to be continuous on [0, c0) and positive on (0, c0) .
- With a1, a > 0, consider the growth dynamics
Xt = o1x{, Xo = X, (1)

for some growth field a(x) = a1 x?. Integrating when a # 1 , we get formally

xe(x) = (At an (1—a) )/ (2)
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—F = t.
x aly)
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In general, o being positive on (0, 00), we have

/Xt(X) dy
—F = t.
x aly)

If for x >0, o (x) := [’ 25 and o (x) = [ 575 then

Ip(x) < oo0<= state 0 is reflecting, I, (x) < 0o <= state oo is accessible,

00 <= state 0 is absorbing, I (x) = co <= state oo is inaccessible.
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Let
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The model
0®00

Adding catastrophes

- Consider the stochastic process X; that follows the deterministic flow with drift o
- [ is the jump rate of the process and it depends on the position, 3 is a continuous
function on (0, 00).
Let
P(X<y[X_.=x)=H(xy),0<y<x,

be the kernel H which fixes the law of the jump amplitude.

In the separable case, H (x,y) = % where h is non decreasing function.
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Piecewise deterministic Markov process (PDMP)

- Let M (dt, dz) on [0,00) x [0, 00) with intensity dtdz, a Poisson random measure.
- Let (X¢)t>0 be the PDMP obeying

00
dX; = « (Xt,) dt — A(Xt)/ 1{z§5(Xt,)}M (dt, dZ) , Xo=x2>0 (3)
0

where P(A(x) > x — y) = H(x, y).
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Piecewise deterministic Markov process (PDMP)

- Let M (dt, dz) on [0,00) x [0, 00) with intensity dtdz, a Poisson random measure.
- Let (X¢)t>0 be the PDMP obeying

00
dX; = « (Xt,) dt — A(Xt)/ 1{z§ﬁ(Xt,)}M (dt, dZ) , Xo=x2>0 (3)
0

where P(A(x) > x — y) = H(x, y).
- Notice that, between successive jumps the only possibility for the process to go down
is by jumping.
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Example 1

Examples for the separable case are:
® h(x) = e* in which case H(x,0) = e > 0.
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ocooe

Examples

Example 1

Examples for the separable case are:
® h(x) = e* in which case H(x,0) = e > 0.
® h(x) = x in which case H(x,0) = 0.

Q: What is the law of the first jump?
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- We suppose that I (x) = o0
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The model
oeo

First jump distribution in case of /(x) = oo

Defining
Ty =inf{t >0: X # X;—|Xo = x}, infl =0 (4)

- We suppose that I (x) = o0
- Xt = x¢(x) on t < Ty, we have

P (T > t (/ / 1{z<5(x5(x))}M(d5 dZ) = 0)
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-y (x) = B(x) Ja(x) and T (x) := [*~(y)dy, we get, since & > 0 on (0, 0),

P(T, > t) = e Jo BUsCNds — o[0T for all ¢ > 0. (5)
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ooe

First jump distribution in case of /(x) = oo

-y (x) = B(x) Ja(x) and T (x) := [*~(y)dy, we get, since & > 0 on (0, 0),

P(T, > t) = e Jo BUsCNds — o[0T for all ¢ > 0. (5)

I (o0) = 0.

Assumption 2

M) > —oc.
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Classification of state 0

Notice that for all x > 0,

_ " dy
IO(X)_/o a(y)

® H(x,0)>0and lp(x) < oco: regular (accessible and reflecting).

® H(x,0) >0 and lp(x) = oo : exit (accessible and absorbing).

® H(x,0)=0and lp(x) < co: entrance (inaccessible and reflecting).
® H(x,0) =0 and ly(x) = oo : natural (inaccessible and absorbing).
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Speed measure

The associated infinitesimal generator is given for any smooth test function u by

Gu(x) = a(x)u'(x) + B(x) /OX[U(y) — u(x)]H(x, dy),x = 0. (6)
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Speed measure and Harris recurrence
oce

Speed measure

The associated infinitesimal generator is given for any smooth test function u by

Gu(x) = a(x)u/(x) + B(x) /0 [u(y) — u(x)]H(x, dy),x > 0. (6)
The explicit expression of the invariant measure 7 in the separable case H (x,y) = %
is given by :
h(y) —I(
m(y) = C—2e W), 7
m=c 7

up to a multiplicative constant C > 0.
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Recurrence of X

Definition 2 (J. Azéma, M. Duflo, D. Revuz)

X is called Harris recurrent if there exists some o-finite measure m on (R, B(R))
such that for all A € B(R;),

m(A) > 0 implies Py (/o 1a(Xs)ds = oo) =1 for all x € R;.
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Recurrence of X

Definition 2 (J. Azéma, M. Duflo, D. Revuz)

X is called Harris recurrent if there exists some o-finite measure m on (R, B(R))
such that for all A € B(R;),

m(A) > 0 implies Py (/o 1a(Xs)ds = oo) =1 for all x € R;.

Notice that, if X is Harris recurrent, then there is a unique (up to constant multiples)
invariant measure 7 for X .

X is then called positive recurrent (or also sometimes ergodic) if m(R) < oo, null
recurrent if m(R) = oo.
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Example 3

If h(x) ~ e"™) as x — co, we have m(x) ~ as x — 0o. In particular,

a(x) ’

[ 7(y)dy < oo if and only if Ix(x) < oo for some (and thus all) x > 0.
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Exit probabilities and excursions

Throughout this section we impose Assumptions 1 and 2. With x > 0, we introduce
TX70:inf{t>0:Xt:0|XQ:X}

the first time the process comes back to 0.
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Exit probabilities and excursions

Throughout this section we impose Assumptions 1 and 2. With x > 0, we introduce
TX70:inf{t>0:Xt:0|X():X}

the first time the process comes back to 0.
We suppose '(0) = 0, we fix 0 < x < b and we established explicit formula for

p(X, b) = Py (TX,O < Tx,b)
by

b
p(x b) = HO)(1 ~ p(0.8)) [ T3 ey

where p(b, b) = 0.
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Exit probabilities and excursions

Let
() _ro /y
s(x) = ——=e Yidy, I(y) = t)dt. 8
0= [ 5 0= [ o ®)
Notice that under Assumption 2 and supposing that h(0) > 0, s(x) is well-defined for
any x > 0.
We obtain
~ h(0)s(b 7 s(x)
p(0, b) = T+ h(0)s(b) and P (740 < 7x,p) = p(0, b)[1 s(b)]' (9)
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Grant Assumptions 1 and 2 and suppose moreover that H (x,y) = % with h(0) > 0,
that I (x) = oo and Iy(x) < oo.
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Proposition 1

Grant Assumptions 1 and 2 and suppose moreover that H (x,y) = % with h(0) > 0,
that I (x) = oo and lp(x) < oo.

Then the process is recurrent if and only if s(co0) = oo, where the function s(x) is
given by (8).
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that I (x) = oo and lp(x) < oo.

Then the process is recurrent if and only if s(co0) = oo, where the function s(x) is
given by (8).

In this latter case, T, o < oo almost surely,
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Speed measure and Harris recurrence
ocooe

Proposition 1

Grant Assumptions 1 and 2 and suppose moreover that H (x,y) = % with h(0) > 0,
that I (x) = oo and lp(x) < oo.

Then the process is recurrent if and only if s(co0) = oo, where the function s(x) is
given by (8).

In this latter case, T, o < 0o almost surely, and the unique invariant measure possesses
a Lebesgue density on Ry which is given by (7). The process is positive recurrent if

ks % e "M dx < oo, null-recurrent else.
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Classification of the recurrence/ transience of state 0

Under Assumption 1 and 2, we have :
¢ s(00) = 00, Ip(x) < oo : 0 is recurrent, positive recurrent iff
[ %e‘r(x)dx < 0.

o\ X
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[ %e‘r(x)dx < 0.

o\ X
® s(c0) = 00, Ip(x) = 0o : The process is transient in 0 (almost surely hits 0 in finite
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Classification of the recurrence/ transience of state 0

Under Assumption 1 and 2, we have :

¢ s(00) = 00, Ip(x) < oo : 0 is recurrent, positive recurrent iff
[ %e‘r(x)dx < 0.

o\ X

® s(c0) = 00, Ip(x) = 0o : The process is transient in 0 (almost surely hits 0 in finite
time and stays there forever).

® 5(00) < 00, Ix(x) = 00 : The process is transient (converges to +oo with positive
probability).

® 5(00) < 00, In(x) < 00 : The process is either transient (converges to +o0o with
positive probability) or hits state oo in finite time (7o, < 0o with positive
probability).
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We want to obtain an explicit formula for u(x) = E (7x) in the case of positive
recurrence. Suppose 0 is reflecting.
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Expected return times to O
0®0000000

We want to obtain an explicit formula for u(x) = E (7x) in the case of positive
recurrence. Suppose 0 is reflecting.
-We suppose 0 < H (x,0) < 1 for all x. If x > 0, we have

7o £ Tl (X7, = 0) + 1(X7, > 0) (T + 74, 0) (10)

where T)/<T is independent of 7, and distributed as 7x,. . This implies

o

u(x) = E(7x0) = E(Tx) +/0 P(Xr, € dy)E(7y0), x > 0.

+

We pose u(0+) := limy 0 u(x) = E(70,0)
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Expected return times to O
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Theorem 4

Let 7 the unique invariant measure given in (7), where the constant C is chosen such
that 7 is tuned to a probability. Then for any Borel subset B of R,

1
u(0+)

~(B) = Eo /Om 15(X.)ds. (11)
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00@000000
Theorem 4

Let 7 the unique invariant measure given in (7), where the constant C is chosen such
that 7 is tuned to a probability. Then for any Borel subset B of R,

1

m(B) = u(0+)

70,0
EO/ 1B(Xs)ds. (11)
0

Suppose now moreover that m(3) € (0,00) and that a(0) > 0, then

E(Top) = U(0+) = Chl(O) (12)
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Proof.

- Applying (11) with B = [0, ¢], we obtain

L[ Loe (L™ d
5/0 W(Y)Y—m 0<5/0 {Xs<e} 5>

- & — 0, clearly the left hand side converges to
7(0) = C(h(0)/a(0))e~"(®) = Ch(0)/a(0), since we have chosen ['(0) = 0.

- We want to show that
1 70,0
lim E() </ 1{X5§s}ds) = 1/04(0).
0

e—0 S

O
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Clearly,
70,0
Eo/ 1{X5§5}ds = P(To > /0(6)) . /0(8) + R(s), (13)
0
g
Ty
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We also have
1 1 /4 1 1
lim =P(To > () - o(e) = lim e_r(a)/ ——dy = —
e—0 € 5 0 ( )

so it only remains to show that R(e) = o(e).
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Theorem 5

Grant the above assumptions together with () < oo, and suppose that
H(x,y) = h(y)/h(x), where h is differentiable, non-decreasing, with h(0) > 0 and
a(0) > 0. We choose I'(0) = 0. Then u(x) is given by

u(x) = u * g ) et *"(Z)h(z) 7z — * 1
() = w0+ [t / e oL

)
— )+ () | )

"X

dy+ [Csomdy - [ san
where u(0) is given by (12).

Branda Goncalves and al. LPTM, CY Cergy Paris Université

34 /36

Population Growth




Expected return times to O

0000000e0

References

- Jacques Azéma, Marie Duflo, and Daniel Revuz. “Mesure invariante des processusde

Markov récurrents”. In:Séminaire de Probabilités 11l Université de Strasbourg.Springer,
1969, pp. 24-33

- Goncalves, Branda and Huillet, Thierry and Locherbach, Eva. "ON POPULATION
GROWTH WITH CATASTROPHES". https://hal.archives-ouvertes.fr/hal-02900249
(2020)

Branda Goncalves and al. LPTM, CY Cergy Paris Université

35 / 36

Population Growth




Expected return times to O
00000000e

Thank you for your attention

Branda Goncalves and al. LPTM, CY Cergy Paris Univers

Population Growth



	The model
	The role of 0 and of + 
	Piecewise deterministic Markov process (PDMP)
	First jump distribution 
	Classification of state 0

	Speed measure and Harris recurrence
	Infinitesimal generator and speed measure
	Recurrence of X
	Exit probabilities and excursions
	Classification of the recurrence/ transience of state 0

	Expected return times to 0

