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The (linear sum) Assignment Problem (AP)

For a n x n cost matrix ¢, find a bijection ™ (a permutation) s.t.
E= Z[- Cin(i) IS minimal. Let Emin be the minimal value.

Example at n = 3:

€33
o (:?g (,’1:5
C;ZIO 5 35 1
(o) X o) c=12 1.2 3
< 3 2 4
o ]o

C11

m Simple formulation —» good model in applications
m P-complete with O(n3) complexity [Munkres 1957]
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The (linear sum) Assignment Problem (AP)

For a n x n cost matrix c, find a bijection m (a permutation) s.t.
E =3 Cin(i) is minimal. Let Emin be the minimal value.

Example at n = 3: Emin=>5

2 5 35 (1)
Z c=[®2 1.2 3
3 2 4

2

Swap columns (rows) s.t. Tr(c) is minimal [Koopmans-Beckmann
1957]; Optimal mixed strategy in a “hide and seek” game [Von
Neumann 1953, 1954]

m Simple formulation — good model in applications
m P-complete with O(n3) complexity [Munkres 1957]
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AP: an old problem

Konig von Neumann
1916 1953
ol
Egérvary Kuhn
1931 1955

Canon simplicissimus.
[ I | Iv | v | vi | VIl

“De  investigando
ordine  systematis
aequationum ..."”
[Jacobi 1860]

v |25 [22 |22 |27 |81%|16 |31 See also [OII|V|er
Vi |10 (18 {23 |21 (19 |28*(21 2009]

Vil | 5 [14 |10 |27 |31 |20 |40*

I 25% (21 |20 18 |20 |18 |25

I |21 |22*%|21 21 (13 (21 (22

ur |16 |19 [23*|22 (17 |14 |16

v |21 (12 [18 |27*|13 |14 |24
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The Random Assignment Problem |

¢ is a random matrix (¢ i.i.d. r.v. ~p(0) =" + o(l")).

1—-_L1
i ~ I
E[Eminln Yoo CrI

m Pioneered in Physics in the 80s by Mézard-Parisi and Orland
m Entered Probability mostly through Aldous in the 90s

Result: only “short” edges are relevant for large n and r can be
considered a “universal exponent”.

Nice fact: at r=0 (i.e. p is e.g. uniform or Exp(A) distribution)

2
Cco=4¢(2)= E
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The Random Assignment Problem i

If cjj ~ Exp(1), Parisi conjectured (1998):

n1 w2 1 1
E[Emin]n=2ﬁ=g—;+0(;)

k=1
Rectangular matrices [Coppersmith-Sorkin 1998]
Proof of Z(2) limit (among other things) [Aldous 2001]
Proof of Parisi conjecture [Prabhakar-Sharma 2001]

1 Extension to the k-partite case (NP-hard for k > 3)
[Martin-Mézard-Rivoire 2004,2005]

3! solution to “cavity” equation
[Wastlund 2012, Larsson 2014, Salez 2015]

NOT discussed today...
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The Euclidean Random Assignment Problem (ERAP)

Let B =(B1,...,Bn) be blue points and R = (R1,...,Rp) be red
ones: n-samples of i.i.d. r.v. of pdf pprr) : Q = R (“disorder”),
(Q, D) is a metric space (mostly an Euclidean space with D Eu-
clidean distance). For p € R and an assignment (permutation)
1, consider the Hamiltonian

n

H(m) = > DP(Bi, Ru(p)
i=1

and the random variable (ground state energy)

Hg’%)t = mln H(m) (Topt = arg gnln H(m)).
TESH
Problem: the rate of Ep ¢(n) := E[Hg;)))t,(n,d)] as n — oo,
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Three motivations: Physics, Mathematics and Computer Science

m Spin Glasses - ERAP is a toy model of spin-glass (a
disordered and frustrated system) in finite dimension,
which is numerically simple in comparison to e.q.
Edwards-Anderson spin glass [Mézard-Parisi 1988];

m Optimal Transport - ERAP is a Monge-Kantorovitch
problem associated to empirical measures pg, Pr:

Hopt = an(pB, PR)

where W)y, is the p-Wasserstein distance [Villani 2009,
Vershik 2013, Brezis 2018];

m Computational Complexity Theory - ERAP is a small
(but crucial) modification of random TSP, however finding
Tlopt IS easy (recall that AP is P-complete).
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ERAP: the phase diagram
We shall put pg = pr :=p. We wish to study
? /
Ep,a(n) i=E[HE) , 5] =Kp,an"»< (Inn)"»< (1 + 0(1))

as n — oo, depending on (p, d) and the choice of p.

Phase diagram: (vp,q, Y; C,) are expected to be “universal”,
i.e. largely independent on the microscopic details (which may
affect the constant Kp q).

Remark: non-uniform disorder is more subtle!
Example: standard Gaussian disorder at (p, d) = (2, 1)
Eza1(n)~2Ininn  (i.e.y21=7,,=0).
[Caracciolo-D’A-Sicuro 2019, Bobkov-Ledoux 2019, Berthet-Fort 2020]

See [Benedetto-Caglioti 2020] for non-uniform case at d = 2.
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d=>3,p=1
“Simple”:

Ep,a(Mlda>3 ~ _ Cpan’®

where

YBi=1— g = Yp,d [Mézard-Parisi 1988]

(if the disorder is uniform, otherwise unknown).

Remark: the constant ¢p,q is unknown (upper and lower bounds
in [Talagrand 1992]).

m Almost-sure limits of Euclidean functionals of finite random
point sets [Barthe-Bordenave 2013 and refs. therein];

m Recurrent interest in Optimal Transport [Goldman-Trevisan
2020].
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d = 2: a challenge for both mathematicians and physicists

Example configuration for Q =[0, 112 and D Euclidean distance:

”i\\l\

AR
§ -\\) 2\ /

7/xlri\ o~

< L RE;
/\\[,/ Ry /\/-\.} 4’:
nsl \1 \‘-/// \\ -y //%“_I\;\
S N P
s N daz o
e P At
(o= NN AN

Optimal assignment typically involves O(In n)-nearest-neighbors:
(Voo V), ) =8, 3)ifp=1  [Atai-Komlés-Tusnady 1984]
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Recent developments in Mathematics and Physics

2014 Caracciolo-Lucibello-Parisi-Sicuro (Phys. Rev. E): using a
(classical) field-theoretical approach, predicted

K 1
2,2 - 2"'[’

2019 Ambrosio-Stra-Trevisan (PTRF): proof of Kz » = %l (among
other things) via PDE methods;

2020 Ambrosio-Glaudo (JEP): refinement on the remainder term
(among other things);

2021 Benedetto-Caglioti-Caracciolo-D’ A-Sicuro-Sportiello
(JStatPhys): exact energy differences for ERAPs on two
manifolds Q, Q’.

See https://www.youtube.com/watch?v=4RcOiW20C_E for a discussion of the
latter results in the light of Weyl’s law in spectral theory (and extension to ERAPs
atd=3).
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d = 1: properties of the solution

p =0 and p = 1 separate three qualitative regimes:

If realizations are sorted in natural order, Topt is:
p <0 cyclical: mopt = i+ k (mod n) [Caracciolo-D’A-Sicuro 2017];

p €{0,1) non-crossing: intervals “covered by edges” are either disjoint or
' one is included into the other [McCann 1999];

p =1 ordered: Tyt is the identity permutation.

Remark: combinatorial properties hold for any disorder p.
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p=>1,Q=R,[0,1],Rt and D =]

Convexity and strict monotonicity of DP = if realizations
(b1,...,bn) and (r1,...,rn) are sorted in natural order, then

HEY (o 1lpz1 = Z |bi— rifP.

= a path to the Brownian world.

124 DIEDDIDDDDIDDDDDDDDDDDDD



p>1,Q=R,[0,1],R* and D =||: Brownian Bridge

Let the transport field be u; ;= b;—r;. Then

J/nu; — B¢, the Brownian Bridge
weakly

Bt

Thus Hopt,(n,p) = Z |uilP, energy ~ moments of Bs.

i
[Boniolo-Caracciolo-Sportiello 2014, Caracciolo-Sicuro 2014, Caracciolo-D’A-Sicuro
2017)]
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Q=S83, D = arc-distance, p = 2: distribution of Hopt

The asymptotic CDF of Hopt,(n,2) On the unit circle can be ob-
tained via Fourier analysis [D’A, PhD Thesis 2020]:

PrlHopt,(n,2) < X] nze 34(0, e—21t2x)

— Z einse—2n252x

seZ

[P(Hopt = X)P(Hopt = X)|
\.ﬁ
~

/ \

f
—— Num. exp. (GP) N
Num. exp. (PP/2)
e OOP(x) = 84(0, €727%)

Inx
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ERAPs at p € (0, 1): further motivation in biology

Besides economics, interest due to the non-crossing property of
the solution: toy-model for the secondary structure of RNA
(discarding pseudo-knots).

Despite this, poorly understood. [McCann 1999]

IDEA: try a canonical construction, an approximate solution
sharing non-crossing property with mopt — Dyck matchings!
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The Dyck matching [Caracciolo-D’A-Erba-Sportiello 2020]

/\//\/\ AN
N

So S152 S3 Sq e

of\V | _—— L

b1 ri bz b3 rz ---

AN A

\V/W
( Neo-
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https://doi.org/10.1088/1751-8121/ab4a34

The Dyck Upper Bound at p € (0, 1)

Expected energy of Dyck matchings grows asymptotically as

nl=P  if 0<p<3
En(Hpyck) = { ¥/ninn if p= %
1
n? if 2<p<l1
Conjecture [Caracciolo-D’A-Erba-Sportiello 2020]:
[En(Hopt) _

m —,—=
n— [, (Hpyck)

for some constant 0 < kp < 1.

+ p=01
v p=02
* p=03
e p=04
* p=05
. p=06
¢ p=07
4 p=08
X p=09

Numerical evidence = |2

124 DIDDDIDDEDIDDDDDDDDDDDDD



Section of the Phase Diagramatd=1

Tp,1
Vnlogn - (”,%.1,7;1> = (%71)
1
1
2
-1 0 1 2 P
n nl=?  \/n n'=%

Product formula for number of solutions at d = p = 1 [Caracciolo-Erba-Sportiello 2021].
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Beyond uniform disorder: bulk and anomalous scaling

Recall the Selberg result for points ~ U[0,1] and p > 1 (see
[Caracciolo et al. 2019]):

r(1+%) rn+1)
p+1 T(n+1+5%)

u —
Ep,l(n) =n

= cpn'~2 (1+ 0(1)) = cpn"»1 (1 + 0(1)) (Bulk scaling).

What if p is non-uniform?

If vp,1 # 1—§ or in presence of , we talk
about an anomalous scaling.
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http://dx.doi.org/10.1088/1742-5468/2016/9/093203

“Reduction to quadratures” in the bulk scaling

Let R be the cdf of p. Set W) := poR~L, Then

(p) p+1)J1 VsT=9)1 1—r/2 1—r/2
Ep1(n) = ﬁ ( > REToE dsnt="2 4+ o(nt=").

Caracciolo-D’A-Sicuro (JStatPhys 2018): non-rigorous regular-
ization methods inspired by cutoff regularization in QFT. Anal-
ogous problem “in the continuum” by Bobkov-Ledoux (AMS 2019).
Example: p(x) = X, US*P(s) =1 —s=.

B
2

m Cutoff method: EeXp(n) ﬁl‘(‘”l)fo (1%5) ds.

Atp = 2wegetE2(n)_2Inn—2Iogc 2+ 0(1);

m Exact calculation: at p = 2 (via Beta integrals):
EST(n)=23]_ £ =2Inn+2ye+o(1).
(by comparison ¢ = e~7¢~1 = 0.20655...)
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http://link.springer.com/10.1007/s10955-018-2212-9
https://ww.doi.org/10.1090/memo/1259

On D’A-Sportiello 2020 (in preparation)

Emergence of to scaling = detailed

study of contribution of k-th edge at fixed n, then n — oo.

General strategy: 1) Binomial expand Hg:;)t,(nll)lpzl at fixed

(n, p) (for p > 1 even ); 2) exploit linearity to compute expecta-
tion w.r.t. a certain Beta distrib.; 3) asymptotic analysis (case by
case depending on p).

More precisely
n

n p

) P —qu@)  pp(0)

ZHOEDICEROIEDIDY ( q)(—l)p M k.qMn k.p-g
= = q=

for
Mﬁfl’,)d = (R;l(u)ﬂ)pnlk, R;l(u) the quantile function,

where {(...)p, , is expectation w.r.t. Beta(k,n—k+ 1):

— il k=1¢q _ ,n\n—k
Pn,k(U)dU-—(k_l)!(n_k)!U (1—uw)"*du.

12E)4 DIDDDIDDDDIDDEDDDDDDDDDD



Example: stretched exponential distribution
Let us consider the following pdf (6 is Heaviside’s function)
Pie,a(x) = ax*~L exp(—x*)6(x).

Example: solutions at n =10

U’or—l a

Nl

Thus Rg(x) = exp(—x%)0(x) = R;l(u) =(=In u)%.
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Sketch of the computation

1

For integer s = 3,

we wish to evaluate

1
Mp ks i= f duPp k(W) (=Inu)s.
0

Mp,k:s = s' hs(Ak,n),

for the alphabet Ak, i= {% k+1 e, %} where hs is the

complete homogeneous symmetric function of degree s*.

Two hints: 1) use the representation —Inu = limx_o “-1 5nd

2) recall that for a polynomial A(q) = apqP + (:1,;_1qlf’—1 + x .+ ao,
P rp
Z( )(—1)p—qA(q)=p!ap.
g=0\9
*l.e. for alphabet (x1, ..., Xm), hs (x1,..., Xm) = Digjr <. <jszm X Xja ** Xjs-
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Sketch of the computation

The contribution E(s p)n(k) of the k-th edge in the solution to
the total energy E(s p)(n) = 3. _, E(s,p),n(K) is thus

p

P _
Espn(kK) = (q)(—l)p TMn,k;sqMn,k;s(p—q)
q=0

p
= Z (—1)0’(5)(557) '(s(p—g))! hsq(Ak,n)hsp—q)(Ak,n).
q=0

In the next step, we make use of generating functions.
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Exact result in the case s = 1 (exponential)

For exp. distrib. points, we have a remarkable simplification. Set

H(EX) = > h OOt =] J(1—tx)™.

>0 xXeX

Then

p
Ew,p).n(k) = p! > (=1)9hq(Ak,n)hp—q(Ak,n)
g=0

= p![tPTH(t, Ak, n)H(—t, Ak n).

Obviously for any alphabet X, H(t, X)H(—t, X) = H(t%, X2), so
that
Eq1pyn(k) = p![tPIH(E2, AZ ) =plhe, (A2 ).

124 DIDDDIDDDDIDDDDDDHDDDDDD



Asymptotic result at integer s > 1 (stretched-exponential)

For the power-sum functions pi(X) = Y, o, xX, define

P(t, X) = > 4~ py(X)tt = log H(t, X).
>1

Fact: (p;(Ax.n)"), is monotonic decreasing (due to the generalised-
mean ineq.). In a regime in which p; > /p> we consider a per-
turbative expansion. By setting P, (t, X) = P(t, X)—tp1(X) we
then have

hi(X) = [tK1H(t, X) = [tX1 exp(P(t, X))

ko1
= k—1D)! p1(X)* It exp(P+(t, X)).
£=0 :

After some computation, we get

E(s,py,n(K) = p! sPp1(Ak,n) S~ DP[tP] (exp(P+ (t, Ak,n)) exp(P+(—t, Ak n)

12E)4 DIDDDIDDDDIDDDDDDDHDDDDD



Asymptotic result at s > 1 integer (stretched-exponential)

Since still obviously exp(P+(t, X)) exp(P+(—t, X)) = H(t2, X?), we
get

Es,py.n(K) = p!sPp1(Ak,n) SV hp/a(AZ )
which recovers the exact result at s = 1. As p1(Ak,n) ~ In(n) —
In(k) + O(1) whenever n > k, while pp(Ak,n) ~ 7= (k1" — n1=")

if n> k> 1, in any case p1//pz is at least of order In(n) when-
ever n> k. We can thus replace p1(Ak,n) with In(n) to get

E(s,pyn(K) = p!sPIn(ME=DP hypo (A7 (1 + O((L + Ink)/ Inn)).

In order to estimate E(s,p)(n) = >k Es,p),n(k), we are left with

the task of estimating (g = %)

n
Fn'q = Z hq(Ai,n)
k=1

12K14 DIDDDIDDDDIDDDDDDDDEDDDD



Emergence of multiple Z* values as n —»

Observe that each monomial contributing to Fp g is of the form

ﬁ and enters exactly i; times in the sum. Hence
222

7v||—l

Fn,q= Z 2

1<i1 S <-<ig<n ‘1 -

In this series’ we recognize a special kind of “multiple Z* val-
ues”(MZSVs), defined as

g*(ay,...,a) =

1<ii<b<-<ip 177l

MZSVs are related to multiple ¢ values arising e.g. in Vassiliev-
Kontsevich theory [Zagier 1992]. Not new in Physics: scat-
tering amplitudes in perturbative quantum field theory [Broadhurst-
Kreimer 1997].

fConvergence as n — o holds since hg_1(A2 )~ k=(@=1 for n > k.
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https://dx.doi.org/10.1007/978-3-0348-9112-7_23
https://dx.doi.org/10.1016/S0370-2693(96)01623-1
https://dx.doi.org/10.1016/S0370-2693(96)01623-1

E(S)

Result for 1)(n)

For our special MZSVs a further remarkable simplification
holds [Ohno-Wakabayashi 2006,0hno-Zudilin 2008,
Borwein-Zudilin 2011]
Froo,q=¢%(1,2,...,2)=24(29—1)
——
q—1
where C is Riemann’s function. In conclusion, we have

In the ERAP with stretched-exponentially distributed points with
1 1
pdf pie,a(X) = axs Lexp(—xs), for p > 1 even and s integer
E(s) () ~ 252 In(n)25—1 p=2
MY 2¢(p—1)sPp!In(n)s—P p>4

Remark: the same asymptotics holds for pi’fe,a(x) = ax%lexp(l—
x%) (the argument goes with minor modifications).
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ERAPs on the k-star graph (w.i.p. with Caracciolo, Liu and Sportiello 2021-)

Choice of the triple ((Q, D), (o5, PRr). P):
Q =Ky (i.e. “star” with k branches)
1

k
/m k branches
Distance D :
D=b—1
l{ ) 2—h
/ZI{ lz{ \D =L+
1

B and R are ~ U[O, %] QRuU{1, k} random variables;
Ap>1.

124 DIDDDIDDDDIDDDDDDDDDDDHD



On the configuration Tprune

IDEA: try a canonical construction, an approximate solution shar-
ing local ordering property with Topt — Tprune!

Example: k=3 andn=6
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On the configuration Tprune

Conjecture :

lim E[#Hon]= lim E[#E) .

N—+00 opt prune

1-2, 4,®

Consequence: y(k) Yp1 = = 0, explicit (and simple!)

formulas for limit constants
Example: atp =2

im E[#2)] =22

n—-+0co

124 DIDDDIDDDDIDDDDDDDDDDDDH



On the configuration Tprune

Claim:
3k—2

lim [EI:H(Z)] = W

n—+00 opt

Sketch of proof: moments of k independent Brownian Bridges
stopped at time ¢.

bV -

me

0.00 0.05 0.10 015 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
1)
b
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Open problem 1: the Dyck conjecture

Proof of the Dyck conjecture for p € (0, 1):

En(Hopt)
m —,——= [
n—o Ep(Hpyck)
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Open problem 2: implications of Generalised Selberg Integrals

Take only Q=1[0,1], D=|.| and pg = pr :=p = T[o,17(X).
From Generalised Selberg Integrals, we know [Caracciolo et al.
2019]

M2(n+ )Mk + SF(n—k+ 1+ Sr(1+1)

E[Ibx —ril'] = , T

F(KIF(n—k+1)F(n+1+)F(n+1+ M1+ 5)
For the usual cost function f = |.|P, we have a nice formula for
E(n).

Problem: are there choices of a more general cost function
f =1(.]) so that a “nice expression” for E(n) (i.e. not necessar-
ily involving hypergeometric functions) can be obtained upon
resummation?*

iThis question was raised by N.Enriquez during a talk given by the author at
CIRM Marseilles - Luminy in March 2021.
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Thank you for your attention!
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