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CLT X;€ RYie N, iid with E(X;)=0,E(XFXP)=26,
Bo(—= Y X))~ [ 6wy
\/ﬁiZI

¢ € C, — weak convergence

¢ measurable bounded —  convergence in total variation

THEOREM (Prohorov) Convergence in total variation is equivalent to : there exists m
such that

Yi=X1+ ... + X ~ f(z)dx + v(dz).
Remark

Z =Y1+ Yy~ g(x)dr + p(dx) g€ C(R)



Consequence

g 2 €lp (z0) = ¢r(z —z0) ¢r €C™

Splitting
Z~EXV+H(1-8U
With : &, V, U independent with laws

1
P(V €dzx) = C—gor(a:' — xg)dr or ~ 1B,(0)
P=1)=¢ecr, P(=0)=1-—c¢ccr

P(U € dz) = (P(Z € dz) — epr(z — xg)dx)

1 — ecp

Strategy : we use an "abstract Malliavin calculus" based on V7, V5, ..., Vj, ...
gy 1, V2 )

prove Prohorov's Theorem.

In order to



Convergence in total variation.

C

and moreover Convergence in (almost) distribution norms : let |a| = g.

B(f(S0) — [ F@)(a)da

C
B(0af(50) ~ [ 0a@ri(@)da| < = lflloo + e~ 1 g 00

\/7
with
la|<q
Corollary
1 _ =
Wé(x) — (27'('8)1/26

. /
Then, with ¢, = e=¢"

B0 *120(S) = [ daf(@)(@)iz| < T 1fll



Corollary If Z; ~ p(x)dz, pe Whl (Vp € L) Then S, ~ ps, (z)dx and

v, — 03] < Vial <

Extensions
A. Z;,1 € N are not identically distributed

B Local theorems (Edgeworth expansions)

E(aozf(sn) — /aaf(x)(go Wez(m))’)’(x)dw S n(k_|_1)/2 HfHoo + e " Hf”q,oo




Expected number of roots for trigonometric polynomials

kt

Pn(t,Y) = Z (Yk e -+ Yk sin —)

1
\/_
Nn(Y) = card{t e (0, mr) : Pp(t,Y) = 0}.

Invarience principle

1 1 1
Kac-Rice lemma let f : [0,a] — R differentiable such that
inf (IF O]+ [ @) >0
Then
_ a dt
Na(f) = Jim |01 010155



We use the CLT for Sp = (S}, S2) € R? with

n
SHE,Y) = Pu(t,Y) = Z Yk cos— -+ Yk sin —)
S2(£,Y) = By Pa(t,Y) = 1 S ’“(y cos ™ _ylen® )
lad Rty Rt
We take
by(at, 22) ~ 1) (o oy ¢ 5
(7, 2%) = |za| X L2 gy (7))  —  01®5(21, 22) = 2200(71)
K-R lemma
Nu(¥) = Jim [ 010582, v), S2(¢, V)t

CLT

Ii;bn E(alq)(S(S%(ta Y)? S?%(ta Y))) — Ii,,';Jn E(alq)(S(S}L(ta G)? S’?L(t? G))



Varience

i %Var(Nn(G)) — (G) ~ 0.56.

We prove (non-universality) :

lim %Var(Nn(Y)) = ¢(G) + 30(E(Y7) — 3).

Basic quantity
1 rm™m ™
= /0 dt [ ds 0195(Sn(t,Y))018(Sn(s, Y))
n
We use C'LT for
Sn(t,s,Y) = (Sn(t,Y), Sn(s,Y)) € R*

with the Edgorth developpement of order 4.



Integreation by parts
F=f&Vi+(1-§)Uy,i=1,..,n)

1
P(V edzx) = C—gor(a: —zo)dz  r ~1p ()
T

Derivatives
Dy F = fk%f(&‘/% +(1-&)U;i=1,..,n)
Duality
E((DF,DG)) = ﬁ: E(DLFD,G) = E(FLG)
k=1
with

N
LG = — Z D, DG + DkG&U In gpr(Vk — xo)
k=1



Covarience matrix : F' = (F1, ..., Fy)
ol = <DF,L-,DFj>, i i=1,...4d.
Difficulty
P(detop =0)> P(&1=...=&,=0) > 0.
Hoffding's inequality
1 2 Cr
P(—> &< —)<e ™

VN 2

Regularization lemma |a| = m
B0 £(F)) — BQ*(f * %) (F)] < Cl|fllim,oc Pl/z(det or S0+
< O oo €™ + 57 1o

Here ¢ is a super kernel

= 1fll o
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